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Since T A, 0 > Tn, 0 , the expression in brackets is less than unity, 
and, consequently, fl.S < 0. We have thus shown that in the course 
of an imaginary process contradicting the second law as stated by 
Clausius, the entropy diminishes, which contradicts the law of non­
diminishing of the entropy. 

The British scientist Lord Kelvin (William Thomson, 1824-
1907) proposed still another statement of the second law of ther­
modynamics. It is worded as follows: such processes are impossible 
whose only final result would be the removal of a definite amount of 
heat from a body and the complete conversion of this heat into work. 

It may seem on the face of it that this statement contradicts, 
for example, the process of isothermal expansion of an· ideal gas. 
Indeed, all the heat received by an ideal gas from a body is com­
pletely converted into work. The reception of heat and its conversion 
into work are not the only final result of the process, however; as 
a result of the process ihe volume of the gas changes. 

In a heat engine, the conversion of heat into work is attended 
without fail by an additional process-the transfer of a certain 
amount of heat Q; to the colder body. Hence, the heat Q1 received 
from the warmer body cannot be completely converted into work. 

It is easy to see that Kelvin's statement logically follows from 
that of Clausius. Indeed, work can be completely transformed into 
heat, for example, in friction. Therefore, by using a process for­
bidden by Kelvin's statement to convert the heat removed from 
a body completely into work, and then transforming this work by 
friction into heat transferred to another body with a higher temper­
ature, we would carry out a process that is impossible according 
to Clausius's statement. 

By using processes forbidden by the second law of thermodyna­
mics, we could create an engine doing work at the expense of the 
heat received from such a virtually inexhaustible source of energy, 
for example, as the ocean. In practice, such an engine would be equiv­
alent to a perpetual motion machine. This is why the second law 
of thermodynamics is sometimes stated as follows: a perpetual motion 
machine of the second kind is impossible, i.e. such a periodically operat­
ing engine that would receive heat from a single reservoir and completely 
convert this heat into work. 

12.2. The Carnot Cycle 

It can be seen from the preceding section that the presence of 
two heat reservoirs is needed for the operation of a heat engine. 
In the course of a cycle, the engine receives the heat Q1 from one 
of them having the higher temperature T 1 and called the high tem­
perature reservoir (or heater, or heat source). The engine gives up 
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the heat Q; to the second one having the lower temperature T s 
and called the low temperature reservoir (or cooler, or heat sink). 

Let us assume that the heat capacity of the reservoirs is infinitely 
great. This signifies that when the reservoirs give up or receive a finite 
amount of heat, their temperatures do not change. Let us see what 
reversible cycle can be performed by the working substance of the 
engine in these conditions. For brevity's sake, we shall call the work­
ing substance of the engine simply the substance. 

The cycle being considered can evidently consist both of processes 
during which the substance exchanges heat with the reservoirs, and 

T 

s, s 
Fig. 12.2 

f 

a'S 

Fig. 12.3 

s 

of processes not attended by heat exchange with the surroundings, 
i.e. adiabatic processes. We established in the preceding section 
that the only reversible process attended by heat exchange with 
a reservoir whose temperature remains constant is an isothermal 
process going on at the temperature of the reservoir. , 

We thus arrive at the conclusion that a reversible cycle performed 
by a substance exchanging heat with two heat reservoirs of infinitely 
great capacity can. consist only of two isotherms (at the tempera­
tures of the reservoirs) and two adiabats. Such a cycle was first pro­
posed for consideration by the French engineer Sadi Carnot (1796-
1832) and is called the Carnot cycle. It must be noted that the Car­
not cycle is reversible by definition. 

In an adiabatic process, d'Q = 0. Hence, according to Eq. (11.110), 
in a reversible adiabatic process dS = 0 and, consequently, the 
entropy remains constant. This is why a reversible adiabatic process 
is called isentropic. Using this term, we can say that a Carnot cycle 
consists of two isotherms and two isentropes. In a T-S diagram, 
this cycle appears as shown in Fig. 12.2. We must note that the shape 
of a Carnot cycle in a T-S diagram does not depend on the proper­
ties of the substance (or system of substances) for which it is depicted. 

Figure 12.3 shows a process that transfers a system from state 1 
to state 2. According to Eq. (11.110), the elementary amount of heat 
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d' Q received by the system can be represented in the form T dS. 
Hence, the area of the hatched strip in Fig. 12.3 equals d'Q, and 
the area of the figure confined by curve 1-2 gives the amount of heat 
received by the system in the course of the process. Similarly, the 
area of the figure confined by the curve depicting the process in a 
p-V diagram gives the work done by the system in the course of 
the process (see Fig. 10.4). 

In accordance with the above, the area of the cycle in Fig. 12.2 
gives the heat received by the system in the course of the cycle (it 
equals Q1 - Q;). Similarly, the area of the cycle in a p-V diagram 
gives the work done by the system during the cycle (see Fig. 10.5). 

The heat received by a system in the course of an arbitrary rever­
sible process can be calculated by the formula 

2 

Q= J TdS (12.9) 
1 

[compare with Eq. (10.12)1. 
Let us find the efficiency of a Camot cycle. Upon completing the 

cycle, the system returns to its initial state. Hence, the total change 
in the entropy during the cyCle is zero. Along path 1-2 (see Fig. 12.2), 
the system receives the heat Q1 from the reservoir with the tempera­
ture T 1 • The entropy increment on this path is 

2 2 

I:!.S - ) d' Q - 1 \ d' Q- Ot 
12- -y;_-- T1 J - T1 

1 1 

Along path 3-4, the system gives up the heat Q; to the reservoir 
with the temperature T 2 • The removal of the heat Q; from a sub­
stance is equivalent to supplying the heat -Q; to it. Therefore, 
the entropy increment along path 3-4 is 

4 4 

l:!.s3,.= r d'Q =-1 5 d'Q= -o2 J T., T 2 T 1 
3 3 

The entropy is constant along 2-3 and 4-1. Thus, the total entropy 
increment during the cycle is 

I:!.S12 +l:!.S3,= i:- ;: =0 

It can be seen from Eq. (12.10) that 

02 T2 
Ot =r, 

(12.10) 

(12.11) 
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Equation (12.5) for the efficiency of a heat engine can be written 
in the form 

(12.12) 

Substituting in this equation for Q;IQ1 its value from Eq. (12.11), 
we get 

1 T I T 1-T I (12 13) 
1)= - Tt = Tt • 

In deriving Eq. (12.13), we made no assumptions on the proper­
ties of the working substance and the design of the heat engine. 
We thus arrive at the statement that the efficiency of all reversible 
machines operating in identical conditions (i.e. at the same tempera­
tures of the hot temperature and cold temperature reservoirs) is the same 
and is determined only by the temperatures of the two reservoirs. This 
statement is known as the Carnot theorem. 

Let us consider an irreversible machine operating with the hot 
temperature and cold temperature reservoirs similar to those of 
a reversible machine operating according to the Carnot cycle. As­
sume that upon completion of the cycle the machine returns to its 
initial state, which we shall consider an equilibrium one. Since the 
entropy is a function of state, its increment d.uring the cycle should 
equal zero: 

Since the processes which the cycle consists of are irreversible, 
Ior each elementary process the inequality dS > d'Q/T holds [see 
expression (11.111)). Hence, from the condition that the total en­
tropy increment during the cycle equals zero, it follows that 

O=fdS>~ d;Q 

whence 

(12.14) 

Let us divide the integral in (12.14) into four addends: 
%.. d'Q r d'Q r d'Q r d'Q r d'Q 
-y-r= J "'T+ J "'T+ J -r+ J -r<O (12.15) 

T1 Adt T• Ad2 

The first addend corresponds to the process of obtaining the heat Q1 

(this amount of heat does not necessarily coincide with the heat Q1 

which a reversible machine receives during a cycle) from the reser­
voir with the temperature T1 • The second addend in (12.15) corres­
ponds to the first adiabatic path of the cycle. The third addend cor-
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responds to the process of transferring the heat o; (this amount of 
heat does not necessarily coincide with the heat v; which a revers­
ible machine gives up during a cycle) to the reservoir with the 
temperature T 2 • Finally, the fourth addend in (12.15) corresponds 
to the second adiabatic path of the cycle. On the adiabatic paths, 
d'Q = 0, therefore the corresponding integrals vanish. The integral 
corresponding to the path T1 equals Q1/T1 (we remind our reader 
that for an irreversible process, the denominator of the ratio d'QIT 
contains the temperature of the reservoir from which the given sub­
stance receives the heat d'Q). The 
integral corresponding to the path P 
T 2 equals -Q;IT 2 • We thus arrive 1 
at the inequality 

Ql - Ql < 0 (12.16) 
Tt Ta 

We find from (12.16) that 

Ql > T2 
Qt Tt 

and, consequently, 
Q' T T1 -T1 TJ=1--1 <1--2 =~=---=-
Ql Tt Tt 

{12.17) ol--------=----. .... y 

The result obtained signifies that Fig. 12.4 
the efficiency of an irreversible 
machine is always smaller than that of a reversible one operating 
in the same conditions. 

The form of a Carnot cycle in a p-V diagram depends on the prop­
erties of the substance performing the cycle. A cycle for an ideal 
gas is shown in Fig. 12.4. The efficiency of a Carnot cycle for an 
ideal gas can he calculated without resorting to finding the entropy 
increment. 

The internal energy of an ideal gas remains constant in an iso­
thermal process. Therefore, the heat Q1 received by the gas equals 
the work A 12 done by the gas upon transition from state 1 to state 2 
(Fig. 12.4). This work, according to Eq. (10.60), is 

Q1 =A12=; RT1 ln :: (12.18) 

where m is the mass of the ideal gas in the machine. The heat Q; 
given up to the low temperature reservoir equals the work A~ done 
to compress the gas from state 3 to state 4. This work is 

Q;=A;4=; RT2ln ~: (t2.t9) 

23-7795 
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For the cycle to be closed, states 1 and 4 must be on the same adia­
bat. Hence the condition follows that 

(12.20) 

[see adiabat equation (10.41)1. Similarly, since states 2 and 3 are 
on the same adiabat, the condition is observed that 

(12.21) 

By dividing Eq. (12.21) by (12.20), we arrive at the condition for 
the cycle to be closed: 

(12.22) 

Now let us introduce Eqs. (12.18) and (12.19) into Eq. (12.5) 
for the efficiency: 

m V 1 m T 1 V, -RT11n---R z n-
M Vt M V4 

m I V2 -RT1 n-
M V1 

TJ= 

Finally, taking condition (12.22) into account, we get 

Tt-Ts 
1)= T 

which coincides with Eq. (12.13). 

12.3. The Thermodynamic 
Temperature Scale 

The theorem on the efficiency of reversible machines not depending 
on the properties of the working substance proved in the preceding 
section makes it possible to establish a temperature scale that does 
not depend on the choice of the thermometric body. In accordance 
with this theorem, the quantity 

1) ' Ql-Qi = 1- Qi 
Ql Ql 

and, consequently, the ratio Q;tQ1 for a Carnot cycle depend only 
on the temperature of the high temperature and low temperature 
reservoirs. Denoting the values of these temperatures according to 
a scale that we meanwhile do not know by 91 and 92 , we can write 
that 

Qi · a a\ o;=/( lt 21 (12.23) 
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where I (81 , 81) is a universal (i.e. identical for all Carnot cycles) 
function of the high temperature and low temperature reservoirs. 
Equation (12.23) permits us to determine the temperature of bodies 
through the amounts of heat received and given up in Carnot cycles. 

We shall prove that function (12.23) has the 
following property: 

e (82) I (81o 82) = 6 (01) (12.24) 

where e (8) is again a universal function of the 
temperature. Let us consider two reversible ma­
chines M 1 and M 1 (Fig. 12.5), the cooler (low tem­
perature reservoir) of one of them simultaneously 
being the heater (high temperature reservoir) of 
the other. Let the second machine take the same 
amount of heat from the reservoir at the temper­
ature el that the first machine supplies to it. 

For machine M 1 , we have Q1 = Q1 and 
Q; = Qu. Hence, Eq. (12.23) for this machine 
has the form 

(12.25) Fig. 12.5 

For machine M 1 , we have Q1 = Q11, Q; = Q111• Hence, by 
Eq. (12.23), 

QQm =I (81o 82) (12.26) 
II 

Considering machines M 1 and M 2 , and also the reservoir with the 
temperature 91 as a single reversible machine that receives the heat 
QI from the heater with the temperature 83 and gives Up the heat 
Qu 1 to the cooler with the temperature 92, we can write: 

QJ;1 =I (9a, 9z), 

Dividing Eq. (12.27) by (12.25), we find that 

Qui f (e •• 82) 
Qn = I (6a, 61) 

(12.27) 

A comparison of this equation with Eq. (12.26) gives us the expres-
sion 

(12.28) 

This equation relates the temperatures 91 and 91 of two substances, 
but the temperature 83 of a third substance figures in it. If we agree 
once and forever on the selection of this substance, i.e. make 93 
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constant, we shall reduce the function f (83 , 8) in the numerator and 
denominator of Eq. (12.28) to a function of a single variable e. 
Denoting this function by 8 (8) we arrive at Eq. (12.24). 

The function 8 (8) depends only on the temperature. Therefore 
its value can be used to characterize the temperature of the corres­
ponding substance, i.e. assume that the temperature of the substance 
is 8, where 8 = 8 (8). Equation (12.23) thus becomes 

Q~- e, 
Ql -a;- (12.29) 

Equation (12.29) is the foundation of the so-called thermodynamic 
temperature scale. A merit of this scale is that it does not depend 
on the choice of the substance (the working substance in a Carnot 
cycle) used for measuring the temperature. 

In accordance with Eq. (12.29), to compare the temperatures of 
two bodies, we must carry out a Carnot cycle using these bodies as 
the high temperature and low temperature reservoirs. The ratio 
of the amount of heat given up to the "low temperature reservoir" 
body to the amount of heat removed from the "high temperature 
reservoir" body gives the ratio of the temperatures of the two bodies. 
To uniquely determine the numerical value of 8, we must come to 
an agreement on the choice of the temperature unit, i.e. the degree. 
The absolute degree is defined as one-hundredth of the difference 
between the temperature of water boiling at atmospheric pressure 
and that of melting ice. Thus, the degree of the absolute thermodynam­
ic scale equals the degree of the ideal gas scale. 

It is easy to see that the thermodynamic temperature scale coin­
cides with the ideal gas scale. Indeed, according to Eq. (12.11), we 
have 

Q2 =.!!. 
Ql T1 

Comparing Eqs. (12.29) and (12.30), we find that 
8 2 r, 
81 =~ 

(12.30) 

Hence, 8 is proportional to T, and since the degree of both scales 
is the same, 8 = T. 

12.4. Examples 
of Calculating the Entropy 

The entropy is a function of state. It must therefore depend on 
parameters determining the state of a system. For example, it can 
be represented as a function of p and T, or as a function of V and T, 
and so on. Let us assume that a body is heated at the constant pres-
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sure p from absolute zero to the temperature T, and that the heat­
ing process is reversible. Hence, according to Eqs. (11.110) and 
(1.0.24), the entropy of a body at the pressure p and temperature T 
is determined by the expression 

T 

S (p, T) = J Cp <;:> dT {12.31) 
0 

where Cp (T) is the heat capacity of the body at constant pressure, 
which is a function of temperature. Similarly, the entropy as a func­
tion of the volume V and temperature T can be represented in the 
form 

T 

S (V, T) = J Cv <;:> dT (12.32) 
0 

where C v is the heat capacity of the body at constant volume. 
It can be seen from Eqs. (12.31) and (12.32) that the heat capaci­

ties Cp and C v (and also the heat capacity in any other process) 
vanish at absolute zero. Indeed, if the heat capacity did not tend 
to zero, then the integrand at T tending to zero would grow without 
restriction, as a result of which the integral would be diverging 
(i.e. would become infinite). 

1. Entropy of an Ideal Gas. In Sec. 11.11, we found an expression 

for the entropy of a monatomic ideal gas (i.e. a gas for which C v = 

= ~ R )· Now, using Eq. (11..1.10), we shall get an expression for 
the entropy of an ideal gas with any molecules. Since the entropy 
is additive, it is sufficient to find its value for a mole of the gas 
Sm. The entropy of an arbitrary amount of the gas will be S = 
= (m/M) Sm. 

We shall characterize the state of a substance by the parameters 
V and T, but shall not consider that the process being studied is 
isochoric. According to Nernst's theorem and Eq. (11.1.10), we have 

(V, T) r d'Q 
Sm(V, T}= J T 

0 

(12.33) 

where the symbol (V, T) designates the state of the gas (we have in 
mind the volume of a mole). Integration is performed over an arbi­
trary reversible process transferring the substance from its state at 
absolute zero to the state characterized by the volume V and the 
temperature T. 

Let us take the volume V0 and the temperature T0 at which the 
substance is sure to be an ideal gas, and divide the integral in 
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Eq. (12.33) into two: 
(V0 , T 0 ) (V, T) 

J d'TQ + J dT'Q Sm(V,T)= 
0 (V0 , T0 ) 

(12.34) 

The first integral is a number that we shall denote by S (V0 , T0). 

The second integral is a function of V and T. To find the form of this 
function, let us write d' Q as d' Q = C v dT + p dV {in the integra­
tion interval the substance behaves like an ideal gas). Dividing 
d'Q by T and substituting RIV for piT in accordance with an equa­
tion of state, we get 

(V, T) T V 

J d'Q _ r CvdT + J RdV -C l .!_+R l ...!:_ 
T - J T V - v n T0 n V0 

(V0 , T0 ) T 0 V 0 

Thus, Eq. {12.34) becomes 
T V 

Sm(V, T)=S(V0 , T0)+CvlnT;+Rln v, (12.35) 

We can transform this equation as follows*: 

S m = C v In T + R In V + S 0 (12.36) 

where S 0 is a constant equal to S (V0 , T 0) -In T0 -In V0 • 

It must be noted that the relations with which we have to deal 
in practice usually include either derivatives of the entropy with 
respect to parameters of state or a change in the entropy. In these 
cases, there is no need to find the value of the additive constant in 
the expression for the entropy. 

Equation (12.36) gives an expression for the entropy of a mole of 
an ideal gas in variable V and T. We can use an equation of state 
to pass over to expressions for the entropy in other variables. Using 
V = RT/p in Eq. {12.36), we get 

Sm = C v In T + R In R + R In T - R In p + S0 

Taking into account that for an ideal gas C v + R = Cp, we can 
write 

Sm = C PInT- R In p + s; (12.37) 

where s; = S 0 + R In R. 
Finally, substituting pVIR for T in Eq. {12.36), we arrive at the 

equation 
Sm=Cvlnp+Cpln V +S; 

where s; = 8 0 - Cv In R. 

(12.38) 

• One must not be confused in seeing a quantity having a dimension inside 
a logarithm. Expressions containing ln I always have an addend including 
In lo (10 is a constant) with a sign such that ln I and In lo can be combined 
into a single addend of the kind In (1/fo). 
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2. Entropy of Water. The changes in the heat capacity of water 
within the interval from 0 to 100 °C do not exceed 1%. Therefore, 
within this temperature interval, the specific heat capacity of water 
may be considered constant and equal to c = 4.2 kJ /(kg· K ). Accord­
ingly, denoting by s (273) the specific entropy of liquid water at 
0°C and by s (T) the specific entropy of water at the temperature T 
(here 273 < T < 373), we can write that 

T 

s (T) -s (273) 5 c ;T =C ln 2~3 
273 

whence 

s (T) = c In T + {s (273) - c In 273} = c In T + const (12.39) 

3. Change in Entropy in Melting. If the pressure does not change, 
then melting proceeds at a constant temperature. Accordingly, the 
increment of the specific entropy is 

,lq lq 

As== 5 d'Q =_!_ 5 d'Q= Lt (12.40) 
Tt Tt Tt 

sol sol 

where L 1 is the specific heat of fusion. When a substance solidifies, 
its specific entropy diminishes by the same amount. 

The formula for the increment of the specific entropy upon evap­
oration differs from Eq. (12.40) only in that it includes the heat 
of vaporization and the boiling point instead of the heat of fusion 
and the melting point. 

12.5. Some Applications of Entropy 

Let us take the volume V and the temperature T as the independ­
ent parameters characterizing the state of a substance. Hence, the 
internal energy of the substance will be a function of these parame­
ters: U = U (V, T). In this case, the expression of the first law of 
thermodynamics has the form•. 

d' Q- ( oU ) dT + ( oU ) dV + dV aT v av T P (12.41) 

• The total differential of the function I (z, g) of the variables z and y is 
determined by the expression 

df=!J... dz+!.Ldg 
{)z oy 

This expression gives the increment of the function I (z, {{) when the variables 
z and y receive the increments dz and dg [see Eq. (3.33)1. 
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It is customary practice in thermodynamics to write partial deriva­
tives of functions with respect to the state parameters with a sub­
script indicating what parameter is assumed to be constant in differ­
entiation. This is essential in connection with the fact that, for 
example, we can consider the partial derivative of U with respect 
to T provided that p = eonst. This derivative is denoted by the 
symbol (oU/oT)p and, generally speaking, has a different value than 
(oU!oT)v· 

Dividing Eq. (12.41) by T, we get the increment of the entropy: 

dS == { : ( :~ ) v} dT + { : [ ( :~ ) T + p]} dV (12.42) 

Considering the entropy as a function of the parameters V and T, 
we can write the increment of the entropy in the form 

dS = (!!...) dT +(E...) dV oT V fJV T 

A comparison with Eq. (12.42) shows that 

( =~ ) V = : ( :~ ) V • ( :~ ) T = : [ ( =~ ) T + p] ( 12.43) 

The mixed partial derivatives of a function f (x, y) satisfy the 
condition 

Accordingly, 

o ( oS ) o ( oS ) 
oV oT v= oT av T 

The introduction of Eqs. (12.43) into this equation yields 

iJ~ { : ( :~ ) V} = iJ~ { ~ [ ( :~ } T + p]} 
After differentiation, we get 

1 a2u 1 [ ( au ) J 1 [ asu ( iJp ) ] 
T ai1"W = - T 1 iJV T + p + T iJT iJV + iJT v 

Taking into account that o2UioV oT = o2 U/oT oV, we arrive at 
the formula 

(12.44) 

The latter shows how the internal energy depends on the volume. 
Let us use it to find the internal energy of an ideal and a van der 
Waals gas. 
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For an ideal gas, we have p = RT/V. Hence, (8p/8T)v = RIV. 
Using this value in Eq. (12.44), we obtain 

( :~ )r=T; -p=O 

The result obtained signifies that the internal energy of an ideal 
gas does not depend on its volume. In Sec. 10.9, we arrived at the 
same conclusion when we assumed that there is no interaction be­
tween molecules. 

It follows from the equation of state for a van der Waals gas [see 
(10.62)1 that 

RT II 
P=--· -- (12.45) V-b VS 

Hence 

( ap) R 
8T v= V-b 

Using this expression in formula (12.44), we get 

(au) RT a 
oV r= V-b -p= ya 

[see Eq. (12.45)1. Integration with respect to V yields 

U=-; +f(T) 

The function f (T) can be concretized by taking advantage of the 
fact that at V tending to infinity the expression for the internal 
energy of a van der Waals gas must transform into the expression 
for the internal energy of an ideal gas U = C vT. As a result, we 
arrive at the expression U = C vT - a/V which we obtained in 
Sec. 10.13 on the basis of other considerations [see Eq. (10.66)]. 

12.6. Thermodynamic Potentials 

All calculations in thermodynamics are based on the use of func­
tions of state called thermodynamic potentials. A separate ther­
modynamic potential corresponds to each set of independent para­
meters. The changes in the potentials occurring in the course of 
processes determine either the work done by the system or the heat 
received by it. 

In considering thermodynamic potentials, we shall use expres­
sion (11.112), writing it in the form 

T dS ~ d'Q (12.46) 



362 Molecular Ph.ystc:r and Thermodynamtc• 

The equality sign relates to reversible processes, the inequality 
sign to irreversible ones. 

The thermodynamic potentials are functions of state. Therefore, 
the increment of any of the potentials equals the total differential 
of the function by which it is expressed. The total differential of the 
function (:r, y) of the variables :randy is determined by the expres-
sion 

dt== ( :! )11 dx+ ( !~ L dy 

Therefore, if in the course of transformations we get for the incre­
ment of a quantity fan expression of the kind 

df = x <£. 1)) ds + Y <s. 1)) d1) (12.47) 

then we can state that this quantity is a function of the parameters 
s and 1), the functions X (s, 1)) and Y (s, 1)) being the partial deriv­
atives of the function f (s, 1)): 

( :' )" .. x cs. 1)), (!;. )s = Y (s. 1)) (12.48) 

Internal Energy. We are already well acquainted with one 
of the thermodynamic potentials, namely, the internal energy of 
a system. The expression of the first law for a reversible process can 
be written in the form 

dU = TdS-pdV (12.49) 

A comparison with Eq. (12.47) shows that the variables S and V 
fill the capacity of the so-called natural variables for the poten­
tial U. It follows from Eq. (12.48) that 

( ~~ )v=T, ( :~ )8 == -p (12.50) 

It can be seen from the relation d'Q = dU + d' A that when 
a body does not exchange heat with surroundings, the work done 
by it is 

d'A = -dU 

or in the integral form 

A = U1 - U1 (heat exchange is absent) (12.51) 

Thus, in the absence of heat exchange with the surroundings, the 
work equals the decrement of the internal energy of a body. 

At constant volume 
d'Q = dU (12.52) 

Hence, the heat capacity at constant volume is 

Cv== ( =~ )v (12.53) 
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Free Energy. According to Eq. (12.49), the work done by a body 
in a reversible isothermal process can be written in the form 

d'A = -dU + T d8 = -d (U- T8) (12.54) 

The function of state 

F = U- T8 (12.55) 

is called the free (Helmholtz) energy of a body. 
According to Eqs. (12.54) and {12.55), in a reversible isothermal 

process, the work equals the decrement of the free energy of a body: 

d'A = -dF (12.56) 
or 

A = F1 - F 1 (T = const, reversible) (12.57) 

A comparison with Eq. (12.51) shows that in isothermal processes 
the free energy plays the same part as the internal energy in a dia­
batic ones. 

We must note that Eq. {12.51) holds for both reversible and irre­
versible processes. Equation (12.57), on the contrary, holds only for 
reversible processes. For irreversible processes, we have d'Q < T d8 
[see expression (12.46)1. Introducing this inequality into the equa­
tion d' A = d'Q- dU, it is easy to find that in irreversible iso­
thermal processes we have 

A< F1 - F, (T = const, irreversible) (12.58) 

Hence, the decrement of the free energy determines the upper limit 
of the amount of work that a system can do in an isothermal proc­
ess. 

Let us take a differential of the function (12.55). Taking Eq. (12.49) 
into account, we get 

dF = T dS - p dV - T d8 - S dT = -8 dT - p dV (12.59) 

We conclude from a comparison with Eq. (12.47) that T and V are 
the natural variables for the free energy. According to Eq. (12.48) 

( :~ )v== -8, ( =~ )r= -p (12.60) 

Let us substitute dU + p dV for d'Q in expression (12.46) and 
divide the resulting relation by dt {here t is the time). The result is 

dS dU dV 
T ""dt~Tt+PTt (12.61) 

If the temperature and the volume remain constant, then expres­
sion (12.61) can be transformed as follows: 

d(U-TS) dF ~0 (T==const V=const) (12.62) 
dt dt ~ • 
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Examination of this expression shows that an irreversible process 
occurring at constant temperature and volume is attended by a de­
crease in the free energy of the body. When equilibrium is reached, 
F stops changing with time. Thus, a state for which the free energy 
is minimum is the equilibrium one at constant temperature and 
volume. 

Enthalpy. If a process goes on at constant pressure, then the 
amount of heat received by a body can be represented as follows: 

d'Q = dU + p dV = d (U + pV) (12.63) 

The function of state 
H = U+pV (12.64) 

is called the enthalpy (or heat function). 
It follows from Eqs. (12.63) and (12.64) that the heat received by 

a body in the course of an isobaric process is 

d'Q = dH (12.65) 

or in the integral form 
(12.66) 

Hence, when the pressure remains constant, the heat received by 
a body equals the increment of the enthalpy. 

Differentiation of Eq. (12.64) with account taken of Eq. (12.49) 
yields 

dH = T dS - p dV + p dV + V dp = T dS + V dp (12.67) 

Thus, we conclude that the enthalpy is a thermodynamic potential 
in the variables S and p. Its partial derivatives are 

( :: )v =T, ( ~~ ) 8 =V (12.68) 

The heat capacity at constant pressure in accordance with 
Eq. (12.65) is 

c p = ( :~ )p (12.69) 

Comparing Eqs. (12.65) and (12.69) with (12.52) and (12.53), we 
arrive at the conclusion that when the pressure is constant, the 
enthalpy has properties similar to those which the internal energy 
has at a constant volume. 

Gibbs Thermodynamic Potential. This function of state (also 
called the Gibbs energy) is determined as follows: 

G = H- TS = U +pV- TS (12. 70) 

Its total differential is [see Eq. (12.67)1 
dG = T dS + V dp- T dS- S dT = V dp- S dT (12.71) 
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Consequently, p and T are the natural variables for the function G. 
The partial derivatives of this function are 

(.!£) =V (.!£) = -S (12.72) 
iJp T ' iJT p 

If the temperature and pressure remain constant, 
(12.61) can be written in the form 

expression 

d(U+pV-TS) = dG ./Q (T t ) 
clt clt ~ = cons , p = const (12.73) 

It can be seen from this expression that an irreversible process going 
on at constant temperature and pressure is attended by a decrease in 
the Gibbs thermodynamic potential. When equilibrium is reached, 
G stops changing with time. Thus, a state for which the Gibbs 
thermodynamic potential is minimum is the equilibrium one at 
constant temperature and pressure [compare with expression (12.62)1. 

Table 12.1 gives the basic properties of the thermodynamic poten­
tials. 

Table 12.1 

Name and symbol or thermo· 
dynamic potential 

Internal energy 
U=U(S, V) 

Free energy 

Enthalpy 
Il=H(S, p) 

Gibbs thermodynamic potential 
G=G(T, p) 

U 1 -U2 =A 
U2-Ul=Q 

F=min 

G=min 

Properties 

in adiabatic process, 
when V = const 

in reversible isothermal 
process 
for equilibrium state when 
T = eonst and V = const 

when p=const 

for equilibrium state when 
T = const and p = const 



CHAPTER 13 THE CRYSTALLINE STATE 

13.1. Features of the Crystalline State 

The majority of solids in nature have a crystalline structure. 
For example, almost all minerals and all metals in the solid state 
are crystals. 

A feature of the crystalline state distinguishing it from the fluid 
states is the presence of anisotropy, i.e. the dependence of a number 
of physical properties (mechanical, thermal, electrical, optical) 
on the direction. 

Bodies whose properties are identical in all directions are called 
isotropic. In addition to gases and, with a few exceptions, all liquids, 
amorphous solids are also isotropic. These solids are supercooled 
liquids (see Sec. 15.6). 

The reason why crystals are anisotropic is the ordered arrangement 
of the particles they are built of (atoms or molecules}. The ordered 
arrangement of the particles manifests itself in the regular external 
facetting of crystals. Crystals are restricted by plane facets making 
angles with one another characteristic of a given species of crystals. 
It is easy to split crystals along definite planes called cleavage 
planes. 

The regularity of the geometrical shape and the anisotropy of 
crystals do not usually manifest themselves because crystalline 
bodies are encountered, as a rule, in the form of polycrystals, i.e. 
conglomerates of a multitude of intergrown, randomly oriented 
fine crystals. Anisotropy is observed in polycrystals only within 
the confines of each separately taken minute crystal. A body as 
a whole does not display anisotropy owing to the chaotic orientation 
of its crystals. By providing special conditions of crystallization 
from a melt or a solution, we can obtain large single crystals­
monocrystals-of any substance. Monocrystals of some minerals are 
encountered in nature. 

The ordered nature of the arrangement of the atoms (or mole­
cules} of a crystal consists in that they are located at the points (or 
sites} of a geometrically regular space lattice. The entire crystal 
can be obtained by repeating many times in three different directions 
the same structural element called an elementary (or unit) crystal 
cell (Fig. 13.1a). The lengths of the edges a, b, c of a cell are called 
the translation periods of a crystal. 

An elementary cell is a parallelepiped constructed on the three 
vectors a, b, c whose magnitudes equal the translation periods. This 
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parallelepiped, apart from its edges a, b, c, is also characterized 
by the angles a, ~. y between the edges (Fig. 13.1b). The quantities 
a, b, c, and a, ~. y unambiguously define an elementary cell and 
are called its parameters. 

(4' 

Fig. 13.1 

An elementary cell can be selected in various ways. This is illus­
trated in Fig. 13.2 using an example of a plane structure. The fac­
ing of a wall with alternating light and dark triangular tiles can be 
obtained by repeating different cells many times in two directions 
(see, for example, cells 1, 2, 
and 3; the arrows show the 
directions in which the cells 
are repeated). Cells 1 and 2 
are distinguished by including 
the minimum number of struc­
tural elements (one light and 
one dark tile each). A crystal 
cell including the smallest 
number of atoms characteriz­
ing the chemical composition 
of a crystalline substance (for 
example, one oxygen atom 
and two hydrogen atoms for 
an ice crystal) is known as a 
primitive cell. It is customary Fig. 13.2 
practice, however, to select 
an elementary cell having a greater number of atoms, but with 
the same symmetry as the entire crystal, instead of a primitive 
cell. Thus, the plane structure depicted in Fig. 13.2 coincides 
with itself when rotated through 120 degrees about any axis 
at right angles to it that passes through an apex of a tile. Ele­
mentary cell 3 has the same property. Cells 1 and 2 have a smaller 
degree of symmetry: they coincide with themselves only when 
rotated through 360 degrees. 
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13.2. Classification of Crystals 

A crystal lattice can have different kinds of symmetry. By the 
symmetry of a crystal lattice is meant its property to coincide with 
itself upon certain displacements in space. 

Every lattice has translation symmetry first of all, i.e. it coin­
cides with itself upon displacement over the translation period•. 
Among the oth~r kinds of sym~etry, we shall note symmetry with 
respect to rotatwns about certam axes, and also to mirror reflection 
relative to definite planes. 

If a lattice coincides with itself when rotated about an axis 
through the angle 2rt/n (consequently, the lattice coincides with 

Fig. 13.3 

itself n times in one complete revolution about the axis), then this 
axis is called an axis of symmetry of the n-th order. It can be shown 
that apart from the trivial axis of the first order, only axes of sym­
metry of the second, third, fourth, and sixth orders are possible. 
Examples of structures having such axes of symmetry are shown 
schematically in Fig. 13.3 (the white circles, black circles, and 
crosses signify atoms of different species). 

If a lattice coincides with itself when reflected in a certain plane 
as in a mirror, this plane is defined as a plane of symmetry. An 
example of a plane of symmetry is also shown in Fig. 13.3. 

The different kinds of symmetry are called elements of symmetry 
of a crystal lattice. There are other elements of symmetry in addi­
tion to axes and planes, but we shall not consider them here, however. 

A crystal lattice, as a rule, has several kinds of symmetry at 
a time. Not any combination of the elements of symmetry is possible, 
however. The prominent Russian scientist Yevgraf Fedorov (1853-
1919) showed that 230 combinations of the symmetry elements are 
possible. These combinations are called space groups. They are 
divided according to features of symmetry into 32 classes. Finally, 

• When considering the symmetry of a lattice, the finite dimensions of the 
crystal are disregarded, and the lattice is considered to be infinite. 
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with respect to the shape of the elementary cell, all crystals are 
divided into seven crystallographic systems, each of which includes 
several classes of symmetry. 

The crystallographic systems are arranged in the order of growth 
of their symmetry as follows. 

1. Triclinic System. For this system, a =1= b =1= c; a. =1= 1\ =1= y. 
An elementary cell has the form of an oblique parallelepiped. 

2. Monoclinic System. It has two right angles, while the third 
angle (usually the angle ~) is not a right one. Hence, a =1= b =1= c; 

1'\ 1'\ 1'\ 
1'\ 1'\ " 

r\. ' 1\.. 
1'\ 1'\ 1'\ 

' '\ "\ 

" "'\ " 
Fig. t3.4 Fig. 13.5 

a. = y = goo, Jl =1= goo. An elementary cell has the form of a right 
prism with a parallelogram as its base (i.e. the form of a right paral­
lelepiped). 

3. Rhombic System. All the angles are right ones, all the edges 
are different: a =1= b =/= c, a. = Jl = y = goo. An elementary cell 
has the form of a rectangular parallelepiped. 

4. Tetragonal System. All the angles are right ones, two edges 
are equal: a = b =1= c; a. = Jl = y = goo. An elementary cell has 
the form of a right prism with a square base. 

5. Rhombohedral (or Trigonal) System. All the edges are equal, 
all the angles are also equal and are other than right ones: a = b = c; 
a. = ~ = y =1= goo. An elementary cell has the form of a cube de­
formed by compression or tension along a diagonal. 

6. Hexagonal System. The edges and the angles between them 
comply with the conditions a = b =/= c; a. = p = goo, y = 1200. 
Three elementary cells brought together as shown in Fig. 13.4 form 
a regular hexagonal prism. 

7. Cubic System. All the edges are equal, all the angles are right 
ones: a = b = c; a. = p = y = 90°. An elementary cell has the 
form of a cube. 



370 Molecular Physics and Thermodynamics 

13.3. Physical Kinds 
of Crystal Lattices 

Four kinds of crystal lattices and accordingly four kinds of crys­
tals are distinguished depending on the nature of the particles at 
the lattice points and on the nature of the forces of interaction be­
tween the particles. They are ionic, atomic, metallic, and molecular 
crystals. 

1. Ionic Crystals. Ions of opposite signs inhabit the lattice points. The 
forces of interaction between them are mainly electrostatic (Coulomb). 
The bond due to the electrostatic forces of attraction between 
oppositely charged ions is called a heteropolar (or ionic) bond. 

A typical example of an ionic lattice is that of table salt (NaCl) 
shown in Fig. 13.5. It belongs to the cubic system. The white circles 
depict the positively charged sodium ions, and the black circles the 
negative chloride ions. A glance at the figure shows that the closest 
neighbours of an ion of a given sign will be ones of the opposite 
sign. In the gaseous state, N aCl consists of molecules in which 
sodium ions are combined with chloride ones in pairs. The group of 
anNa ion and a Cl ion forming a molecule loses its isolated existence 
in a crystal. An ionic crystal consists of ions, and not of molecules. 
The entire crystal can be considered as a single giant molecule. 

2. Atomic Crystals. The lattice points accommodate neutral atoms. 
The bond between neutral atoms in a crystal {and also in a molecule) 
is called homopolar (or covalent). The forces of interaction with 
a homopolar bond are also of an electrical (but not of a Coulomb) 
nature. These forces can be explained only on the basis of quantum 
mechanics. · 

A homopolar bond is produced by electron pairs. This signifies 
that one electron from each atom participates in setting up a bond 
between two atoms. For this reason, a homopolar bond has a directed 
nature. In a heteropolar bond, each ion acts on all the ions that are 
sufficiently close to it. In a homopolar bond, the action is directed 
toward the atom with which the given one shares an electron pair. 
A homopolar bond can be set up only by valence electrons, whose 
bond to the atom is the weakest. Since each electron can set up 
a bond with only one atom, the number of bonds which a given atom 
can participate in (the number of neighbours with which it can be 
bound) equals its valence. 

Typical examples of atomic crystals are diamond and graphite. 
The chemical nature of these two substances is the same (they are 
both constructed of carbon atoms), but they differ in the structure 
of their crystals. Figure 13.6a shows a diamond lattice, and Fig. 13.6b 
a graphite one. This example clearly shows how the crystal structure 
of a substance affects its properties. 
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The typical semiconductors-germanium (Ge) and silicon (Si) 
have the same kind of lattice as diamond (a diamond-type lattice). 
This lattice is characterized by each atom being surrounded by 
four neighbours at an equal distance from it located at the corners 
of a regular tetrahedron. Each of the four valence electrons belongs 
to an electron pair joining this atom with one of its neighbours. 

(a) (b) 

Fig. 13.6 

3. Metallic Crystals. Positive ions of the metal are located at all 
the lattice points. Electrons that detachf'd themselves from the 
atoms when ions were formed move chaotically between the latter 
similar to the molecules of a gas. These electrons play the part of 
a "cement" keeping the positive ions together, otherwise the lattice 

(a) (b) (c) 

Fig. 13.7 

would fall apart under the action of the forces of repulsion between 
the ions. At the same time, the electrons, in turn, are retained by 
the ions within the crystal lattice and cannot leave it. 

Most metals have lattices of one of three kinds: the cubic volume­
centered (Fig. 13.7 a), the cubic face-centered (Fig. 13. 7b), and the 
so-called hexagonal close-packed lattice (Fig. 13.7c). The latter is 
a hexagonal lattice with the ratio cia equal to VB/3. The cubic face­
centered and the hexagonal close-packed lattices correspond to the 
closest packing of identical spheres. 

4. Molecular Crystals. Molecules with a definite orientation are 
located at the lattice points. The forces binding together the mole-
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cules in a crystal are of the same nature as the forces of attraction 
between molecules leading to gases deviating from ideal ones in 
their properties. This is why they are called van der Waals forces. 
Molecular lattices are formed, for example, by the following sub­
stances: H 2, N 2, 0 2 , C02 , H 20. Thus, ordinary ice, and also the 
so-called dry ice (solid carbon dioxide) are molecular crystals. 

13.4. Defects in Crystals 
Defects in crystals are violations of an ideal crystalline structure. 

Such a violation may consist in the absence of an atom at a lattice 
point (a vacancy), in the presence of a foreign atom (an impurity 
atom) instead of an atom of the given substance (a host atom), in 

Fig. f3.8 Fig. 13.9 

the introduction of a surplus atom (host or foreign) into the inter­
stice. Such defects are called point ones. They cause violations in 
the regularity of a lattice extending over a distance of the order of 
several periods. 

In addition to point defects, there are also defects concentrated 
near certain lines. They are called linear defects or dislocations. 
Defects of this kind violate the regular alternation of the crystal 
planes. The simplest defects of this kind are edge and screw disloca­
tions. 

An edge dislocation is due to a surplus crystal half-plane inserted 
between two adjacent layers of atoms (Fig. 13.8). The edge of this 
half-plane forms a dislocation of the given kind. The dislocation 
line is the straight line denoted by the symbol ..L at right angles to 
the plane of the drawing. 

A screw dislocation can be presented as a result of cutting a crystal 
along a half-plane and the following shifting of the lattice portions 
at different sides of the cut toward each other over a distance of one 
period (Fig. 13.9). The internal edge of the cut forms a screw disloca­
tion (see the dash line in the figure). A crystal with a screw disloca­
tion actually consists of a single crystal plane that is curved along 
a helical surface (such a surface is called a helicoid). The dislocation 
line coincides with the axis of the screw or helix. The crystal plane 
is displaced by one period each time it circumvents this line. 
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We have considered the two simplest (extreme) kinds of disloca­
tions. In both cases, the dislocation lines are straight. In the gen-
eral case, these lines may be curved. · 

Defects greatly affect the physical properties of crystals, includ­
ing their strength. In particular, dislocations are the reason why 
the plastic deformation* of real crystals occurs under the action of 
stresses that are several orders of magnitude smaller than the stress 
calculated for ideal crystals. 

Shear along the atomic layers readily occurs in the monocrystals 
of metals. Do not imagine this process in such a way that all the 

(a) (b) (c) (d) 

Fig. f3.t0 

atoms of a layer are displaced simultaneously as a single whole. 
Actually, the atoms jump over into their new positions in small 
groups, sequentially. Such a sequential movement of the atoms can 
be presented as a dislocation movement. The latter requires stresses 
much smaller than those needed for the displacement of an entire 
atomic layer at a time. Figure 13.10 shows the consecutive steps of 
the process occurring in a crystal under the action of the forces 
causing the shear. The initially present dislocation under the action 
of the stresses set up in· the crystal moves along the latter. This 
movement is attended by sequential displacement of the atoms in 
the layer above the dislocation relative to the atoms of the layer 
under it. 

Dislocation movements are prevented by the presence of other 
defects in a crystal, for example, by the presence of impurity atoms. 
Dislocations are also inhibited when they intersect. If the number of 
dislocations and other defects in a crystal is small, the dislocations 
spread virtually without hindrance. As a result, the resistance to 
shear will not be great. An increase in the density of the dislocations 
and a growth in the concentration of the impurities lead to great 
inhibition of the dislocations and stopping of their spreading. As a 
result, the strength of the material grows. For example, the strength 
of iron is increased by dissolving carbon atoms in it (steel is such 
a solution). 

• A plastic deformation is one that remains after the stress causing it is 
removed. 
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Plastic deformation is attended by the destruction of the crystal 
lattice and the formation of a great number of defects preventing 
the spreading of the dislocations. This explains why metals are 
hardened upon their cold working. 

A screw dislocation often appears in the course of the growth of 
a crystal from a solution or melt. The capture of an atom by a smooth 
flat crystal surface is less profitable from the· energy viewpoint and 
is therefore less probable than the attachment of an atom to a step 
on the surface of a crystal with a screw dislocation. This is why it 
is preferable practice to grow crystals with a screw dislocation built 
into them. New atoms attach themselves to the edge of the step, 
owing to which the crystal grows along a spiral. 

13.5. Heat Capacity of Crystals 
The location of particles at the points of a crystal lattice corres­

ponds to a minimum of their mutual potential energy. When par­
ticles are displaced from their equilibrium position in any direction, 
a force appears that tends to return them to their initial position. 
As a result, oscillations of the particles begin. Oscillation in an arbi­
trary direction can be represented as the superposition of oscilla­
tions in three mutually perpendicular directions. Therefore, three 
vibrational degrees of freedom should be ascribed to every particle 
in a crystal. 

We learned in Sec. 11.5 that an energy equal to two halves of 
kT -one half in the form of kinetic and the other in the form of 
potential energy-falls on the average to each vibrational degree of 
freedom. Consequently, an energy equal to 3kT falls on the average 
to every particle-every atom in an atomic lattice, every ion in an 
ionic or metallic lattice*. We can find the energy of a mole of a sub­
stance in the crystalline state by multiplying the mean energy of 
one particle by the number of particles at the points of the crystal 
lattice. The latter number coincides with the Avogadro constant 
N A only for chemically simple substances. For a diatomic substance 
such as N aCl, the number of particles will be 2N A because a mole 
of NaCl contains N A atoms of Na and N A atoms of Cl, for a triatom­
ic one it will be 3N A• and so on. 

Restricting ourselves to a consideration of chemically simple 
substances forming atomic or metallic crystals, we can write the 
following expression for the internal energy of a mole of a substance 
in the crystalline state: 

Um = NA3kT =3RT 
• Matters are more complicated for molecular crystals. The molecules in 

addition to translational oscillations also perform torsional oscillations. Apart 
from this, the atoms oscillate inside the molecules. 
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The increment of the internal energy corresponding to elevation 
of the temperature by one kelvin, according to Eq. (12.53}, equals 
the heat capacity at constant volume. Hence, 

Cv = 3R (13.1) 

Since the volume of solids changes only slightly when they are heated, 
their heat capacity at constant pressure insignificantly differs from 
the heat capacity at constant vol­
ume; we can therefore assume that 
Cp ~ Cv and speak simply of the 
heat capacity of a solid. 

Thus, Eq. (13.1) states that the 
molar heat capacity of chemically 
simple bodies in the crystalline 
state is the same and equals 3R. 
This statement is the content of 
the Dulong and Petit law established 
experimentally. This law is obeyed 
with quite a good approximation 

c 
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Fig. 13.H 

for many substances at room temperature. There are exceptions to 
this law, however. For example, diamond has a heat capacity of 
only about 0. 7 R at room temperature. 

Moreover, notwithstanding Eq. (13.1), the heat capacity of crys­
tals depends on the temperature, this dependence having the nature 
shown in Fig. 13.11. Near absolute zero, the heat capacity of all 
bodies is proportional to T3 , and only at a sufficiently high temper­
ature characteristic o~ each substance does Eq. (13.1) begin to be 
obeyed. For most substances, this already occurs at room temper­
ature. But for diamond the heat capacity only reaches the value of 
3R at a temperature of about 1000 °C. 

The strict theory of the heat capacity of solids proposed by A. Ein­
stein and P. Debye takes into account, first, the quantization of the 
energy of vibrational motion (see Sec. 11.5). Second, the theory takes 
into account that the oscillations of the particles in a crystal lat­
tice are not independent. This theory, which we shall set out in 
volume 3, is in good agreement with experimental data. In partic­
ular, for high temperatures, it leads to Eq. (13.1). 
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14.1. The Structure of Liquids 

The liquid state, occupying an intermediate position between 
gases and crystals, combines some features of both of these states. 
In particular, liquids, like crystalline substances, are characterized 
by having a definite volume. At the same time, a liquid, like a gas, 
takes on the shape of the vessel containing it. Further, the crystal­
line state is characterized by the ordered arrangement of the par­
ticles (atoms or molecules), whereas from this viewpoint, complete 
chaos reigns in gases. As shown by radiographic studies, liquids also 
occupy an intermediate position with respect to the nature of arrange­
ment of their particles. The so-called short-range order is observed 
in the arrangement of liquid particles. This signifies that with re­
spect to any particle, the arrangement of its closest neighbours is 
ordered. But as we move farther and farther away from a given par­
ticle, the arrangement of other particles relative to it becomes ·less 
and less ordered, and order in the arrangement of the particles van­
ishes quite rapidly. In crystals, there is long-range order: the ordered 
arrangement of particles with respect to any particle is observed 
within the limits of an appreciable volume. 

The presence of short-range order in liquids is the reason why 
their structure is called quasicrystalline (crystal-like). 

Owing to the absence of long-range order in them, liquids, with 
a few exceptions, do not display the anisotropy characteristic of 
crystals with their regular arrangement of the particles. Liquids with 
elongated molecules display an identical orientation of their mole­
cules within a considerable volume, which results in anisotropy of 
their optical and some other properties. Such liquids are known as 
liquid crystals. Only the orientation of the molecules is ordered 
in them, while the mutual arrangement of the molecules, as in con­
ventional liquids, does not display long-range order. 

The circumstance that the liquid state is especially complicated 
as regards its properties is due to the intermediate position of liquids. 
Therefore, its theory has been developed to a much smaller extent 
than that of the crystalline and gaseous states. To date there is no 
complete and universally recognized theory of liquids. Considerable 

. merit in developing a number of problems of the theory of the liquid 
state belongs to the Soviet scientist Yakov Frenkel (1894-1952). 

Frenkel postulates that the thermal motion in liquids has the 
following nature. Each molecule during a certain time oscillates 
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about a definite position of equilibrium. The molecule changes its 
place of equilibrium from time to time, moving in a jump to a new 
position that is at a distance from the previous one of the order of 
the size of the molecules themselves. The molecules thus move only 
slowly inside a liquid, spending part of their time near definite 
places. A13 picturesquely expressed by Frenkel, the molecules wan­
der throughout the entire volume of a liquid, leading a nomadic mode 
of life in which brief removals are replaced by relatively long periods 
of settled life. The lengths of these stops vary quite considerably and 
chaotically alternate with one another, but the mean duration of 
oscillations about a single equilibrium position is a definite quan_: 
tity. for each liquid that sharply diminishes with increasing tem.: 
perature. In this connection, elevation of the temperature is attended 
by a great growth in the mobility of the molecules, and this, in 
turn, results in diminishing of the viscosity of the liquid. 

Solids exist that in many respects are closer to liquids than to crys­
tals. Such substances, called amorphous, do not display anisotropy. 
Only short-range order is encountered in the arrangement of their 
particles. The transition from an amorphous solid to a liquid when 
such a substance is heated occurs continuously, whereas the transi.;. 
tion from a crystal to a liquid occurs in a jump (this will be treated 
in greater detail in Sec. 15.6). All this gives us grounds to consider 
amorphous solid substances as supercooled liquids whose particles 
owing to the greatly increased viscosity have a limited mobility. 

A typical example of an amorphous solid is glass. Amorphous 
substances also include resins and bitumens. 

14.2: Surface Tension 
The molecules _:,fa liquid are so close to one another thatthe forces 

of attraction between them have a considerable value. Since the 
interaction rapidly falls off with the distance, beginning from a cer-. 
tain distance the forces of attraction between the molecules may be 
disregarded. This distance r, as we already know (see Sec. 10.13). 
is called the raditJS of molecular action, and a sphere of radius r is 
called a sphere of molecular action. The radius of molecular action 
has a magnitude of the order of several effective diameters of a 
molecule. · 

Each molecule is attracted by all its neighbour molecules within 
the limits of the sphere of molecular action whose centre coincides 
with the given molecule. The resultant of all these forces for a mol~ 
cule that is at a distance from the surface of the liquid exceeding r 
evidently equals zero on the average (Fig.14.1). Matters are differ­
ent if a molecule is at a distance less than r from the surface. Since 
the density of the vapour (or gas with which the liquid has an inter-
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face) is much smaller than that of the liquid, the part ofthe sphere 
of molecular action protruding beyond the limits of the liquid will 
be filled with fewer molecules than the remaining part of the sphere. 
As a result, every molecule in a surface layer of thickness r will expe­
rience a force directed into the liquid. The magnitude of this force 
grows in a direction from the inner to the outer boundary of the 
layer. 

The transition of a molecule from the bulk of a liquid to its surface 
layer is associated with the need to do work against the forces acting 
in the surface layer. This work is done by the molecule at the expense 
of its store of kinetic energy and increases the potential energy of 

the molecule, just as the work done by 
a body flying upward against the forces 
of the Earth's attraction increases 
the potential energy of the body. When 
the molecule returns in to the bulk of 
the liquid, the potential energy which 
the molecule had in the surface layer 
transforms into the kinetic energy of 
the molecule. 

Thus, molecules in a surface layer 
have an additional potential energy. 
The surface layer as a whole has an 

additional energy forming part of the internal energy of the liquid. 
Since the equilibrium position corresponds to a minimum of poten­

tial energy, a liquid left to itself will take on a shape having the 
minimum surface area, i.e. the shape of a sphere. What we usually 
observe are not liquids "left to themselves", but liquids sub­
jected to the action of the Earth's gravitational forces. In this 
case, the liquid takes on a shape corresponding to a minimum of the 
total energy-that in the field of the gravitational forces and the 
surface energy. 

Fig. 14.1 

When the dimensions of a body increase, its volume grows as the 
cube of the linear dimensions, and its surface area only as the square 
of these dimensions. Therefore, the energy in the gravitational field 
proportional to the volume of a body changes more rapidly with 
increasing dimensions of the body than its surface energy. In small 
drops of a liquid, the surface energy plays the predominate part, 
and as a result the drops have a shape close to a spherical one. Large 
drops of a liquid flatten under the action of gravitational forces 
notwithstanding the fact that their surface energy grows. Large 
bodies of a liquid take on the shape of the vessel containing them 
and a horizontal free surface. 

The presence of surface energy causes a liquid to tend to reduce 
its surface area. The liquid behaves as if it were confined inside an 
elastic stretched out film tending to compress. It must be borne in 
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mind that there is actually no film confining a liquid from the out­
side. The surface layer consists of the same molecules as the bulk of 
the liquid, and the interaction between the molecules in the surface 
layer is of the same nature as in the interior. The matter is only that 
the molecules in the surface layer have an additional energy in com­
parison with those in ·the bulk of the 
liquid. 

Let us mentally separate a part of the 
surface of a liquid confined within a closed 
contour. The tendency of this portion to 
contract results in that it acts on the 
portions bordering on it with forces dis­
tributed over the entire contour (according 
to Newton's third law, the external por­
tions of the surface layer act on the portion 
of the surface being considered with forces 
of the same magnitude, but opposite in 
direction). These forces are called forces of 
surface tension. The force of surface ten­
sion is directed along a tangent to the sur­
face of the liquid perpendicularly to the 
portion of the contour it is acting upon. 

Surface faye,. 

~,, 

'"' III 

f=2~l 
(a) (6) 

Fig. 14.2 

Let us denote the force of surface tension per unit of length of 
a contour by a. This quantity is defined as the surface tension. It 
is measured in newtons per metre (in the SI system) or in dynes per 
centimetre (in the cgs system). 

Assume that we have a rectangular frame with a movable side 
confining a film of a liquid (Fig. 14.2). A film is a thin flat volume 
of liquid confined on both sides by a surface layer (see Fig. 14.2b in 
which a cross section of the frame is shown). Owing to the tendency 
of the surface layer to contract, the film will exert a force equal to 
2al on the movable side. For the latter to be in equilibrium, an ex­
ternal force f must be applied to it that equals the force tensioning 
the film, i.e. 2al. Let us assume that the movable side has moved 
very slowly in the direction of action of the force f over the very small 
distance dx. This process is attended by the liquid above the movable 
side doing the work d'A = -2al dx = -0' dS, where dS is the 
increment of the area of the surface layer. With such an increase 
of the surface, an additional number of molecules will pass from the 
interior of the liquid to the surface layer, losing their velocity. There­
fore, if the process proceeded adiabatically, the liquid would cool 
slightly. We assumed, however, that the process goes on veryslowly 
(reversibly), owing to which the temperature of the film remains 
constant as a result of the inflow of heat from the surroundings. 
Thus, the process will go on isothermally. 
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We established in Sec. 12.6 that the work done in a reversible 
isothermal process equals the decrement of the free energy [see 
Eq. (12.56)1. We can therefore write that 

d'A= -adS= -dF 

The result obtained signifies that upon an isothermal increase in 
the area of the surface layer by dS, the free energy of the liquid grows 
by dF = CJ dS. It thus follows that the surface tension o is the addi­
tional free energy which a unit area of a surface layer has. Accord­
ingly, CJ can be expressed not only in newtons per metre (or dynes 
per centimetre), but also in joules per square metre (or in ergs per 
square centimetre). 

Impurities greatly affect the magnitude of the surface tension. 
For example, soap dissolved in water reduces its surface tension 
almost one-and-a-half times. When NaCl is dissolved in water, on the 
contrary, the surface tension grows. 

With elevation of the temperature, the difference between the 
densities of a liquid and its saturated vapour diminishes (see 
Sec. 15.4). In this connection, the surface tension also decreases. At 
the critical temperature {its definition is given in Sec. t5.4), CJ 
vanishes. 

14.3. Pressure under 
a Curved Liquid Surface 

Let us consider the surface of a liquid resting on a flat contour 
(Fig. 14.3a). If the surface of the liquid is not flat, its tendency to 
decrease its area leads to the appearance of a pressure apart from that 

Po ~~ 
Pa+iip p,-Ap 

(a) (b) (C) 

Fig. 14.3 

exerted on a liquid with a flat surface. When the surface is convex, 
this additional pressure is positive (Fig. 14.3b), and when it is con­
cave, this pressure is negative (Fig. 14.3c). In the last case, the sur­
face layer, tending to diminish, stretches the liquid. 

The magnitude of the additional pressure must obviously grow 
with an increasing surface tension CJ and surface curvature. Let us 
calculate the additional pressure for a spherical surface of a liquid. 
To do this, we shall mentally cut a spherical drop of a liquid with 
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a diametral plane into two hemispheres (Fig. 14.4). Owing to surface 
tension, both hemispheres are attracted to each other with a force 
equal to 

f = la = 2nRa 

This force presses the two hemispheres against each other over the 
surface S = nR2 and, consequently, produces the additional pres-
sure 

llp= s' =~= 2u nR2 R (14.1) 

The curvature of a spherical surface is the same everywhere and 
is determined by the radius of the sphere R. It is obvious that the 

Fig. 14.4 Fig. 14.5 

smaller the radius R, the greater is the curvature of a spherical sur­
face. It is customary practice to characterize the curvature of an 
arbitrary surface by the so-called mean curvature, which may differ 
for various points of a surface. 

The mean curvature is determined through the curvature of nor­
mal sections. A normal section of a surface at a certain point is de­
fined as the line of intersection of this surface with a plane passing 
through a normal to the surface at the point being considered. For 
a sphere, any normal section is a circle of radius R (here R is the 
radius of the sphere). The quantity H = 1/R gives the curvature of 
a sphere. In the general case, different normal sections passing through 
the same point have different curvatures. It is proved in geometry 
that the half-sum of the reciprocal radii of curvature 

H=J.. (-1 +-1 ) (14.2) 2 R1 R2 

for any pair of mutually perpendicular normal sections has the 
same value. It is exactly this quantity that is the mean curvature of 
a surface at a given point. 

The radii R1 and R 2 in Eq. (14.2) are algebraic quantities. If 
the centre of curvature of a normal section is under a given surface, 
the relevant radius of curvature is positive; if the centre of curvature 
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is above the surface, the radius of curvature is negative (Fig. 14.5). 
Thus, a curved surface can have a mean curvature equal to zero. 
For this purpose, the radii of curvature R1 and R 2 must be identical 
in magnitude and opposite in sign. 

For a sphere, we have R1 = R 2 = R, so that by Eq. (14.2) H = 
= 1/R. Substituting H for 1/R in Eq. (14.1), we get 

!!.p = 2Hcr (14.3) 

The French scientist Pierre Laplace (1749-1827) p::.:·oved that 
Eq. (14.3) holds for a surface of any shape if by H we understand the 
mean curvature of a surface at the point under which the additional 
pressure is being determined. Introducing the expression (14.2) 
for the mean curvature into Eq. (14.3), we gat a formula for the 
additional pressure under an arbitrary surface: 

!!.p-cr (-1 +-1 ) (14.4) 
Rl R2 

It is called the Laplace formula. 
The additional pressure given by Eq. (14.4) causes the level of · 

a liquid in a narrow tube (capillary) to change. This is why it is 
sometimes called the capillary pressure. 

14.4. Phenomena on 
Liquid-Solid Interface 

Everything said in Sec. 14.2 about the special conditions in which 
the molecules of a surface layer are also relates completely to solids. 
Hence, solids, like liquids, have a surface tension. 

1 ~ .... ;x-~, 
1------~;-x~~~-
r. fx x x x'1 
I --- l 8 X t ' x x', x x I 'x X X' y X)( X X, ; . . . .~, . . . ., 

rz • • : 8 . · l ' ..... • • . ·,t 
1 ,·.· ... ·., ----
~-----?---------':_.:.·.;'a ----

Fig. 14.6 
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Fig. 14.7 

Solid 

When considering phenomena on the interface between various 
media, we must not forget that the surface energy of a liquid or solid 
depends not only on the properties of the given liquid or solid, but 
also on the properties of the substance with which they have a com­
mon boundary. Strictly speaking, we must consider the total surface 
energy cr11 of both substances in contact with each other (Fig. 14.6). 
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Only if one of the substances is gaseous, does not react chemically 
with the other substance, and has a poor solubility in it, can we 
simply speak of the surface energy (or the surface tension) of the 
second liquid or solid. 

If three substances, namely, a solid, a liquid, and a gas, are in 
direct contact with one another (Fig. 14. 7), then the entire system 
takes on a configuration corresponding to the minimum of the total 
energy (surface, in the field of forces of gravity, etc.) In particular, 
the contour along which the three substances are in contact is ar­
ranged on the surface of the solid so that the sum of the projections of 

6t,g 

ZXE:.--
6s,l 

(a) 

Fig. 14.8 

9----­--- -6 t~---:....-::- ::. 
----• 

6s.g 6s,l 
(b) 

all the surface tension forces applied to each contour element onto the 
direction in which the contour element can move (i.e. onto a direction 
tangent to the surface of the solid) equals zero. It can be seen from 
Fig. 14.7 that the condition of equilibrium of a contour element of 
length 11l is 

(14.5) 

where cr8 , "' 0'8 , 1 and cr1, g are the surface tensions at the solid-gas, 
solid-liquid, and liquid-gas interfaces. 

The angle 9 measured inside the liquid between tangents to 
the surface of the solid and the surface of the liquid is called the 
contact angle. In accordance with Eq. (14.5), we have 

a <Js, g- <Js, 1 
cos =---­

(J1, g 
(14.6) 

The contact angle is determined by Eq. (14.6) only provided that 

(14.7) 

If this condition is not observed, i.e. I O's, g - O's, 1l > 0'1, fl• then 
equilibrium cannot set in at any value of 9. This occurs in two cases. 

1. cr1 .1l > crs,t + cr1, g· No matter how small the angle 9 is, the 
force 0'8 • g overbalances the other two (Fig. 14.8a). In this case, the 
liquid flows unlimitedly over the surface of the solid-complete 
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wetting takes place. The replacement of a solid-gas interface with 
two interfaces-solid-liquid and liquid-gas ones-is advantageous 
from the energy viewpoint. The contact angle is zero in complete 
wetting. 

2. a,, 1 > a,," + cr1, "' No matter how close to n the angle a is, 
the force O's, 1 overbalances the other two (Fig. 14.8b). In this case, 
the liquid-solid interface contracts into a point, and the liquid sep­
arates from the surface of the solid-complete non-wetting takes place. 
The replacement of a solid-liquid interface with two interfaces~ 
solid-gas and liquid-gas ones-is advantageous from the energy 
viewpoint. In complete non-wetting, the contact angle is :rt. 

When condition (14. 7) is observed, the contact angle may be acute 
or obtuse depending on the relation between cr,," and 0'8 , 1• If O's," 
is greater than cr8 , 1 then cos a> 0 and the angle e is acute (Fig. 14.9a). 

irifii~ 
- v ---- ----- -- -

Fig. 14.9 
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/ , I 
/ I 
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I 
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- It hq 

Fig. 14.10 

In this case, partial wetting occurs. If O's, g is smaller than 0'1, h then 
cos 8 < 0 and the angle 8 is obtuse (Fig. 14.9b). In this case, partial 
non-wetting occurs. 

Non-wetting may result in interesting phenomena. It is general 
knowledge that a needle or safety razor blade coated with grease 
can float on the surface of water. It is very simple to explain this, at 
first sight, curious phenomenon on the basis of energy considerations. 
The greased surface of steel is not wetted by water; the steel-water 
interface has a much greater energy than the steel-air or air-water 
ones. The complete submersion of a needle into water is attended by 
an increase in the surface energy from Scr8 , fl (steel-air) to the value 
Scrs, 1 (steel-water), where S is the surface area of the needle. The 
change in the surface energy upon submersion is described by the 
curve Esur shown in Fig. 14.10. The symbol h stands for the height 
of the needle above the bottom of the vessel, h 0 is the height of the 
surface of the liquid above the bottom of the vessel. The dependence 
of the potential energy of the needle in the field of the Earth's grav­
itation Egr on h has the form of a straight line passing through the 
origin of coordinates. The total energy Etot = Eaur + Egr has a min-
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imum when h = h0 • This is exactly what permits the needle to 
float on the surface of the water. If we press on the needle and sub­
merge it to a depth such that the total energy passes through its maxi· 
mum and begins to decrease, then the 
needle will submerge further by itself 
and sink. 

---- --~ . - - . - - -· -
The possibility of "carrying water in 

a sieve" is explained in a similar way. 
If water does not wet a sieve (this can be 
achieved by coating the wires forming 

Fig. t4.H 

the sieve with p~raffin) and the layer of water is not very thick, 
then a slight displacement of the water level downward (Fig. 14.11) 
will be attended by an increase in the surface energy exceeding in 
magnitude the decrease in the energy in the field of gravitational 
forces. Hence, the water will be retained in the sieve and will not 
spill out. 

14.5. Capillary Phenomena 
The existence 6f the contact angle leads to curvature of the surface 

of a liquid near the walls of the vessel containing it. In a narrow tube 
(capillary*) or in a narrow gap between two walls, the entire surface 

is curved. If the liquid wets 

. 8<~;6>0 6>f;h<O 

Fig. t4.t2 

the walls, the surface is con­
cave, and if it does not wet 
them, the surface is convex 
(Fig. 14.12). Such curved sur­
faces of a liquid are called 
meniscuses. 

If one end of a capillary is 
immersed in a liquid poured 
into a broad vessel, then the 
pressure under the· curved sur­
face in the capillary will differ 
from that under the flat sur-
face in the broad vessel by the 

amount ~p determined by Eq. (14.4). As a result, the level of the 
liquid in the capillary will be higher than in the vessel if the liquid 
wets it, and lower if the liquid does not wet it. 

The change in the height of the liquid level in narrow tubes or 
gaps has been named capillarity. In the broad meaning of the term, 
capillary phenomena are understood to include all the phenomena 
due to the existence of surface tension. In particular, the pressure 

• The Latin capillus means hair. A capillary IIi a "tube as thin as a hair". 
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expressed by Eq. (14.4) and due to surface tension is called, as we 
have already indicated, capillary pressure. 

A difference hsets in between the level of a liquid in a capillary and 
in a broad vessel such that the hydrostatic pressure pgh is balanced 
by the capillary pressure ~p: 

2a 
pgh=R (14.8) 

In this equation, a is the surface tension on the liquid-gas interface, 
and R is the radius of curvature of the meniscus. The latter can be 

Fig. !4.13 

expressed through the contact angle a and the 
radius of the capillary r. Indeed, examination 
of Fig. 14.12 shows that R = r/cos a. Using 
this value in Eq. (14.8) and solving the equa­
tion obtained relative to h, we arrive at the 
equation 

h= 2ocos9 
pgr (14.9) 

In accordance with the fact that a wetting 
liquid rises in a capillary, while a non-wetting 
liquid lowers in it, Eq. (14.9) gives a positive 
h for a < 'tt/2 (because cos a > 0), and a nega­
tive h for a > 'ft/2 (because cos a < 0). 

In deriving Eq. (14.9), we assumed that the meniscus has a spher­
ical shape. The equation for h can also be obtained on the basis of 
energy considerations, and there is no need to make a special assump­
tion on the shape of the meniscus. The equilibrium position of the 
meniscus will correspond to a minimum energy E of the liquid-capil­
lary system. This energy consists of the surface energy on the liquid­
wall, liquid-gas, and wall-gas interfaces, and also of the potential 
energy of the liquid in the field of the Earth's gravitation. 

Let us find the increment of the energy dE corresponding to an 
increment of the height dh to which a liquid rises in a capillary. 
When the height grows to dh, the surface area of contact of the liquid 
with the wall of the capillary increases by 21tr dh, owing to which 
the energy receives an increment of 21tra8 ,t dh. Simultaneously, the 
surface area of contact between the wall and the gas diminishes, 
which is attended by an increment of the energy of -21tra •• gdh. 
The potential energy in the field of the Earth's gravitation acquires 
an increment equal to the force of gravity acting on the hatched vol­
ume of the liquid (Fig. 14.13) multiplied by h, i.e. equal to 
gp1tr'Zk dh. We may disregard the change in the level of the liquid 
in the broad vessel. Thus, 

dE== 2'ftr (a •• 1- a •• g) dh + gp1tr2h dh 
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Hence, 
dE 
dh == 2nr ( a1 , 1- a1 , g) + gpnrZk 

Equating this derivative to zero, we obtain the condition of equi­
librium, from which it follows that 

k= 2(aa,g-O's,I) (14.1.0) 
pgr 

According to Eq. (1.4.6), a, c - 0'8, 1 = a 1,fl cos a. Making this 
substitution in Eq. (1.4. 1.0) and: using simply a instead of a 1, c• we 
get Eq. (14.9). 



CHAPTER 15 

15.1. Introduction 

PHASE EQUILlliRIA 
AND TRANSITIONS 

By a phase in thermodynamics is meant a combination of homo­
geneous parts of a system having identical properties. Let us explain 
what is meant by this definition using the following examples. 
A closed vessel contains water and a mixture of air and water vapour 
above it. Here we have to do with a system consisting of two phases: 
one is formed by the water, and the other by the mixture of air 
and water vapour. If we add a few pieces of ice to the water, then 
all these pieces form a third phase. Different crystalline modifica­
tions of a substance are also different phases. For instance, diamond 
and graphite are different solid phases of carbon. 

In definite conditions, different phases of the same substance can 
be in equilibrium with one another while being in contact. The equi­
librium of two phases is possible only within a definite temperature 
interval, and a quite definite pressure p at which equilibrium is pos­
sible corresponds to each value of the temperature T. Thus, the equi­
librium states of two phases will be depicted in a p-T diagram by 
the line 

P =I (T) (15.1) 

Three phases of a single substance (solid, liquid, and gaseous, or 
liquid and two solid phases) can be in equilibrium only at single 
values of the temperature and pressure which in the p-T diagram 
correspond to what we call the triple point. This point is at the inter­
section of the equilibrium curves for the phases taken in pairs. 

It is proved in thermodynamics, in agreement with experiments, 
that the equilibrium of more than three phases of the same substance 
is impossible. 

The transition from one phase to another is usually attended 
by the absorption or liberation of a certain amount of heat called 
the latent heat of transition or simply the heat of transition. Such 
transitions are called phase transitions of the first kind. There are 
also transitions from the crystalline modification to another that 
are not associated with the absorption or liberation of heat. These 
transitions are called phase transitions of the second kind*. We 
shall consider only transitions of the first kind. 

• Phase transitions of the second kind do not exhaust the transitions be­
tween different crystalline modifications. They include the transition to a super­
conductive state performed in the absence of a magnetic field, and also the tran­
sition between the two liquid phases of helium called helium-! and helium-H. 
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15.2. Evaporation and Condensation 

Liquids and solids at any temperature contain a certain number 
of molecules whose energy is sufficient for them to overcome the 
attraction to other molecules, escape from the surface of the liquid 
or solid and to pass over into the gaseous phase. The transition of a 
liquid into the gaseous phase is called vaporization or evaporation, 
and the transition of a solid into the gaseous phase 
is called subUmation. 

All solids sublime to some extent without any 
exception. In some substances such as carbon di­
oxide, sublimation proceeds at an appreciable rate; 
in other substances, it is so insignificant at ordinary 
temperatures that it is practically not detected. 

In evaporation and sublimation, the fastest mole­
cules leave a body. As a result, the mean energy 
of the remaining molecules diminishes, and the 
body cools. To maintain the temperature of an eva-
porating (or subliming) body at a constant value, Fig. t5.t 
heat must continuously be supplied to it. The heat 
L that must be supplied to a unit mass of a substance to transform 
it into a vapour at the same temperature which the substance had 
prior to evaporation is defined as the specific heat of vaporization 
(or sublimation). 

In condensation, the heat for evaporation is .returned: the liquid 
(or solid) formed upon condensation is heated. 

Let us consider the setting in of equilibrium between a liquid and 
its vapour. We shall take.a sealed vessel partly filled with a liquid 
(Fig. 15.1) and assume that initially the substance was completely 
removed from the space above the liquid. Owing to evaporation, the 
space above the liquid will become filled with molecules. The mole­
cules that passed into the gaseous phase move chaotically and col­
lide with the surface of the liquid. Some of these collisions will be 
attended by transition of the molecules into the liquid phase. The 
number of molecules passing in unit time into the liquid phase is 
evidently proportional to the number of molecules colliding with 
its surface. This number, in turn, is proportional to n (v} [see 
Eq. (11.23)], i.e. grows with increasing pressure p. Hence, evaporation 
is accompanied by the reverse process of transition of the molecules 
from the gaseous to the liquid phase, its intensity growing as the 
density of the molecules in the space over the liquid increases. 
When a certain quite definite (for the given temperature) pressure 
is reached, the number of molecules escaping from the liquid will 
become equal to that returning to it. Beginning from this moment, 
the density of the vapour stops changing. Mobile equilibrium sets 
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in between the liquid and its vapour, and it will exist until the 
volume or the temperature of the system changes. A vapour in equi­
librium with its liquid is called saturated. The pressure at which 
equilibrium is observed is called the saturated vapour pressure. 

The number of molecules leaving a liquid in unit time grows very 
rapidly with the temperature. The number of molecules colliding 
with the surface of the liquid depends on the temperature to a small­
er extent (through {v) in proportion to YT). Therefore, upon ele­
vation of the temperature, equilibrium between the phases is violat­

Ps.JJ 

Per -~------- C 

Tr 

ed, and during a certain time the stream 
of molecules travelling in the direction 
liquid- vapour will exceed their stream 
in the direction vapour - liquid. This 
continues until the increase in the pres­
sure again leads to the setting in of 
mobile equilibrium. Thus, the pressure 
at which mobile equilibrium sets in 
between a liquid and its vapour, i.e. the 
saturated vapour pressure, is found to 
depend on the temperature. The form of 
this relation is shown in Fig. 15.2. The 
meaning of the symbols Tor and Per 

L.-----___,~ .... --r will come to light in Sec. 15.4. 

Fig. 15.2 
If we increase the volume of the vessel, 

the vapour pressure will drop, and equi­
librium will be violated. As a result, an 

additional amount of the liquid will transform into a vapour to 
make the pressure equal to p 8 • .., again. Similarly, reduction of the 
volume will cause a certain amount of the vapour to transform 
into a liquid. 

Everything said above about equilibrium between a liquid and 
a gas also holds for a solid-gas system. A definite value of the pres­
sure at which mobile equilibrium sets in between the solid and the 
gas corresponds to every temperature. For many bodies such as so­
lid metals, this pressure at ordinary temperatures is so small that 
it cannot be detected by the most sensitive instruments. 

15.3. Equilibrium Between a Liquid 
and Its Saturated Vapour 

Let us consider the compression of a substance at a constant tem­
perature. Assume that the substance is initially gaseous. First, the 
pressure of the gas will grow with decreasing volume (Fig. 15.3). 
When the volume V1 is reached, the pressure stops changing, and 
the substance stops being homogeneous-part of the gas condenses 
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into a liquid. The substance stratifies into two phases: a liquid and 
a gaseous one. A further reduction of the volume is attended by more 
and more of the substance passing over into the liquid phase, the 
transition occurring at a constant pressure Ps.v (the saturated vapour 
pressure). After condensation of the substance terminates (this occurs 
when the volume V1q is reached), a further reduction in the volume 
begins to be attended by a rapid p 
growth of the pressure. 

In Fig. 15.3, Ye is the volume occu­
pied by the substance in the . gaseous 
state at the pressure Ps.v• and Y1q is 
the volume of the substance in the Ps.v - 1 

liquid state at the same pressure. At I :r 8 1 
any intermediate value of the volume I I 
V, part of the substance with the mass · V 
m 1q_ will be in the liquid state, and part l'rv V Vg 
with the mass mv in the vapour Fig. 15.3 
state. Let us find the ratio m1q/mv. 

We shall call the volume of a unit mass of a substance its specific 
volume V'. Thus, if the mass of a substance is m, then the specific 
volumes of its saturated vapour and liquid at the pressure Ps.v 
will be 

, Vg 
Yv=-, m (15.2) 

In the state when the mass of the liquid phase is m1q and that of the 
vapour is mv, the liquid will occupy the volume Y)qm1q, and the 
saturated vapour~ the volume v;.mv. The sum of these two volumes 
must equal the volume V: 

V == Viqmtq + V~mv 
Introducing into this equation expressions (15.2) for the specific 
volumes and substituting the sum m1q + mv for the mass m, we 
get 

Hence, 
mlq Vg-V r (15_3) 
my = V-VIq =-;; 

(see Fig. 15.3). Thus, the ratio of the masses of the liquid and the 
saturated vapour in a two-phase state equals the ratio of the lengths 
into which the point . depicting the state divides the horizontal 
portion of the isotherm. 

It must be noted that at temperatures far from the critical one 
(the critical temperature will be treated in the following section) 
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the difference between the volumes of a liquid and its vapour is 
much greater than that shown in Fig. 1.5.3. For example, the speci­
fic volume of saturated water vapour at 1.00 oc is 1600 times that of 
the specific volume of liquid water at the same temperature. 

Thus, a horizontal portion of an isotherm corresponds to the 
states of equilibrium between a liquid and its saturated vapour in a 
p-V diagram. This result is common for all two-phase states-a 
horizontal portion corresponds to a two-phase system on an isotherm 
depicted in the variables p and V. The ends of this portion corres­
pond to the volumes V1 and V2 occupied by the substance in the 
first and second phases. These phases may be a liquid and its satu­
rated vapour, or a liquid and crystals (see Fig. 1.5.1.4), or, finally, 
two crystalline modifications of the same substance. In all cases, 
an equation similar to (15.3) holds: 

m1 V 2 -V 
m;= V-V1 

(mx and m1 are the masses of the substance in the first and second 
phases). 

15.4. The Critical State 
Figure 1.5.4 gives isotherms for several values of the temperature. 

A glance at the figure shows that the horizontal portion of the iso­
therm diminishes in length with elevation of the temperature, and , 

p 
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Fig. 15.4 Fig. 15.5 

contracts into a point at the temperature Tcr called the critical one. 
The difference between the specific volumes diminishes accordingly, 
and together with it the difference between the densities of the liquid 
and its saturated vapour. This difference vanishes completely at the 
critical temperature. Simultaneously, any difference between a liq­
uid and its vapour vanishes. The temperature dependence of the 
density of a liquid and its saturated vapour is shown in Fig. 15.5. 
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Point C is the limit which the horizontal portions of the isotherms 
tend to when the temperature tends to its critical value Tcr· It is 
called the critical point. The state depicted by point C is defined 
as the critical state of a substance. The volume Vcr. pressure Per. 
and temperature T cr corresponding to the critical state are called 
critical quantities. Point C is a point of inflection for the critical 
isotherm. A tangent to the isotherm at point C is parallel to the 
V-axis. 

It can be seen from Fig. 15.4 that the saturated vapour pressure 
grows with the temperature and reaches the value Per at the critical 
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Fig. 15.7 

temperature. At temperatures above the critical one, the concept 
of a saturated vapour loses its meaning. Therefore, the curve show­
ing the temperature dependence of the saturated vapour pressure 
terminates at the critical point (see Fig. 1.5.2). 

If we draw a line through the extreme points of the horizontal 
portions of the isotherms (Fig. 1.5.4), we get a bell-shaped curve 
confining the region of two-phase states of a substance. At above 
critical temperatures, a substance is homogeneous at any pressure. 
At such temperatures, a substance cannot be liquefied, no matter 
what pressure is applied to it. 

The concept of the critical temperature was first introduced in 
1.860 by the Russian scientist Dmitri Mendeleev (1.834-1.907). He 
called it the temperature of absolute boiling of a liquid and consid­
ered it as the temperature at which the forces of cohesion between the 
molecules vanish, and a liquid transforms into a vapour regardless 
of its pressure and the volume it occupies. 

The bell-shaped curve and the portion of the critical isotherm to · 
the left of point C divide the p-V diagram into three regions 
(Fig. 1.5.6). The diagonal hatching shows the region of homogeneous 
liquid states of a substance. Under the bell-shaped curve is the re­
gion of two-phase states, and, finally, the region to the right of the 
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bell-shaped curve and the upper branch of the critical isotherm is 
the region of homogeneous gaseous states of a substance. In the lat­
ter region, we can earmark the part under the right-hand branch 
of the critical isotherm and call it the vapour region. Any state in 
this region differs from the . other gaseous states in that upon iso­
thermal compression the substance which was originally in this state 
is liquefied. The substance in one of the states at a temperature 
above the critical one cannot be liquefied, no matter what pressure 
is applied. It is not customary practice to divide the gaseous states 
into a gas and a vapour. 

Having selected a transition process so that it does not intersect 
a two-phase region (Fig. 15. 7), we can ensure a transition from the 
liquid state to the gaseous one (or vice versa) without· separation 
of the substance into two phases. In this case, the substance will 
remain homogeneous all the time in the course of the transition 
process. 

15.5. Supersaturated Vapour 
and Superheated Liquid 

Section 10.13 gives Eq. (10.62) proposed by van der Waals to 
describe the state of gases at high densities. Figure 15.8 depicts van 
der Waals isotherms, i.e. curves described by Eq. (10.62) for sever-

P 
p 

Fig. 15.8 Fig. 15.9 

al temperatures. A characteristic of these isotherms is the fact that 
at temperatures not exceeding the value Tcr. the curves have an 
S-shaped bend in whose region three different values of the volume 
correspond to a given pressure. Real isotherms (see Fig. 15.4) do 
not have such a bend, but have a straight horizontal po~tion instead 
of it. In Fig. 15.9, a real isotherm and a van der Waais·isotherm are 
superposed on one another. The van der Waals equation describes 
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the path of the isotherm quite well at volumes exceeding Ve. At 
volumes smaller than V1q, the path of a real isotherm also approxi­
mately follows the van der Waals equation. Thus, this equation 
covers not only the gaseous, but also the liquid state of a substance. 

It can be seen from a comparison of a van der Waals isotherm 
with a real one that these isotherms approximately coincide on por­
tions corresponding to one-phase states of a substance, but behave 
absolutely differently in the region of separation into two phases. 
Instead of the S-shaped bend on the van 
der Waals isotherm, the real isotherm has p 
a straight horizontal portion in this region 
which is located so that the hatched areas 
1 and 2 enclosed by the bend (Fig. 15.9) 
are the same. 

Separation into two phases is explained 
by the lack of stability of the homoge­
neous states corresponding to bend 1-2-3-4 
(Fig. 15.10). The instability of the states 
between points 2 and 3 becomes obvious if 
we take into account that the derivative 
dp/dV is positive on this part of the bend. 
Hence, a substance capable of passing con­

Fig. 15.10 

secutively through states 2-3 would have absolutely unnatural 
properties: an increase in the volume of the gas would be attended 
by a growth in pressure instead of a reduction in it. 

The derivative dp/dV is negative on parts 1-2 and 3-4, so that it 
would seem possible for these portions of the curve to be realized. 
Indeed, in certain conditions, the states corresponding to these 
portions can be achieved .. True, they are not fully stable: for exam-. 
pie, it is sufficient for a dust particle to get into the vapour in state 
A for the substance to break up into two phases and pass over into 
state B (see the transition A -+- B shown by the arrow in Fig. 15.10). 
Such not fully stable states are called metastable. The substance 
in states 1-2 is called a superheated liquid, and in states 3-4 is cal­
led a supersaturated vapour. 

At sufficiently low temperatures, the bottom part of the bend in 
the van der Waals isothel'Dl crosses the V -axis and passes into the 
region of negative pressures (see the bottom isotherm in Fig. 15.10). 
A substance under a negative pressure is obviously in a state of 
tension instead of compression. Such states can also be realized in 
certain conditions. Thus, portion 5-6 on the bottom isotherm cor­
responds to a superheated liquid~ and 6-7 to a tensioned liquid. 

Let us consider the conditions in which metastable states can be 
brought about. We shall begin with a supersaturated vapour. If 
a vapour contains absolutely no foreign inclusions, its condensation. 
into a liquid cannot begin. For a droplet to form, a great number of, 
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molecules must simultaneously approach one another to a distance 
of the same order as the distances between the molecules in the li­
quid, and this is absolutely improbable. For condensation to com­
mence, the presence of so-called condensation centres is needed, which 
capture the molecules flying toward them. and transfer them into 
the condensed phase. Dust particles, liquid droplets, and, especially, 
charged particles (ions) can be condensation ·centres. 

Thus, if a vapour is thoroughly purified of foreign inclusions and 
ions, it can be at a pressure exceeding the saturated vapour pressure 
Ps. v at the given temperature. This state will be metastable: it is 

p 

p 
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Fig. 15.11 Fig. t5.i2 

sufficient for even one condensation centre to appear, and the state 
of a supersaturated vapour will be violated-the substance will pass 
over into a two-phase state. 

In practice, a supersaturated vapour can be obtained by subject­
ing one that is not supersaturated to sharp expansion. The rapid 
expansion occurs without heat exchange with the surroundings and 
is attended by cooling of the vapour. The point depicting the state 
of the vapour moves along an adiabat. The latter, as was shown in 
Sec. 10.10, is steeper than an isotherm. Hence, the vapour can pass 
over from stable state 1 corresponding to the temperature T1 
(Fig. 15.11) to metastable state 2 corresponding to the lower temper­
ature T 2 • Such a process is used in a Wilson cloud chamber-a de­
vice intended for observing the traces of charged particles (for exam­
ple, alpha particles). The air saturated with water or alcohol vapour 
contained in a Wilson chamber is sharply expanded. The result 
is cooling of the air, and the vapour becomes supersaturated. A par­
ticle flying into the chamber ionizes the molecules along its path. 
The supersaturated vapour condenses on the ions produced in mi­
nute droplets and forms a well visible trace. 

Let us consider the conditions for obtaining a superheated liquid. 
The process of violent vaporization (i.e. boiling) can occur, like 
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the process of condensation, on foreign inclusions, for example, on 
sand particles o:r gas bubbles dissolved in the liquid. If a liquid is 
thoroughly purified of solid inclusions and dissolved gases, then by 
heating it can be brought into a state with a pressure below Ps. v 
at a given temperature without the liquid boiling. This will be the 
state of a superheated liquid. 
. The transition of a liquid from its conventional state to a super­
heated one is shown in Fig. f5.f2 (see transition 1-2 shown by the 
arrow). The state of a superheated liquid is metastable. It is suffi­
cient to throw a sand particle into a superheated liquid for the latter 
to boil and the substance to pass over into the stable two-phase 
state (see transition C-D in Fig. f5.10). 

A tensioned liquid, for example, mercury, can be obtained as 
follows. If we submerge a long glass tube soldered at one end into 
mercury and, after turning it with its soldered end upward, care­
fully pull it out from the mercury, then we can get a column of mer­
cury in the tube that considerably exceeds 760 mm. Hence, the 
mercury will be kept in the tube not by the force of atmospheric 
pressure, but by the cohesion between its molecules. The mercury in 
the tube will be in a state of tension, i.e. under a negative pressure. 

15.6. Melting and Crystallization 
The transition of a crystalline body to the liquid state takes place 

at a definite temperature for every substance and requires the expen­
diture of a certain amount of 
heat called the heat of fusion. 

If a substance originally in the 
crystalline state receives the 
same amount of heat every 
second, its temperature will r, 
change with time as shown in 
Fig. 15.13. First the temperature 
of the body will constantly grow. 
When the melting point T m is 
reached (point J in Fig. f5.f3), 
the temperature of the body 

T 

~------------------~1 
Fig. 15.13 

will stop changing although the 
supply of heat to it is continued. At the same time, the process 
of melting of the solid body begins, during which new and new 
portions of the substance transform into a liquid. Mter the 
melting process is completed and all of the substance melts 
(point 2 in Fig. 15.13), the temperature again begins to rise. 

The heating curve of an amorphous body is different (see the dash 
curve in Fig. 15.13). Upon _the uniform supply of heat, the tempera-
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ture of an amorphous body continuously grows. Amorphous bodies 
have no definite temperature of transition to the liquid state. This 
transition occurs continuously, and not in a jump. We can only 
indicate the temperature interval within which a body softens. The 
explanation is that liquids and amorphous bodies differ only in the 
degree of mobility of their molecules-amorphous bodies, as al-
ready indicated, are greatly supercooled liquids. . 

The melting point depends on the pressure. Thus, the transition 
from a crystalline to a liquid state occurs in quite definite conditions 
characterized by the values of the pressure and temperature. A curve 
in a p-T diagram called the melting or fusion curve corresponds to a 
P combination of these values. The melting 

curve is very steep. To change the melting 
point of ice by one kelvin, for example, the 
pressure has to be changed by 132 at. 

A point on the melting curve determines the 
conditions in which the crystalline and the 

L----4-..,---<~o-:----v liquid phases can be in equilibrium with 
mv; mY{q each other. Such equilibrium is possible with 

1_.-__,,Z 

Fig. 15.14 any ratio between the masses of the liquid 
and the crystals, i.e. at values of the volume 

of the system within the limits from mV~ to mVicp where m is the 
mass of the system, and V~ and Vi q are the specific volumes of the 
solid and the liquid phases. Consequently, in a p-V diagram, a por­
tion of a horizontal straight line (Fig. 15.14) corresponds to every 
point of a melting curve. Since the substance in the states depicted 
by points on this line has the same temperature, straight line 1-2 
in Fig. 15.14 is a portion of an isotherm corresponding to two-phase 
states of the substance (compare with the horizontal portions of 
the isotherms in Fig. 15.4). 

The process of crystallization that is the reverse of melting pro­
ceeds as follows. When a liquid is cooled to a temperature at which 
the solid and liquid phases can be in equilibrium at the given pres­
sure (i.e. to the same temperature at which melting occurs), the 
simultaneous growth of minute crystals begins about the so-called 
nuclei or centres of crystalli.zation. Growing larger and larger, the 
separate crystals in the long run join one another, forming a poly­
crystalline solid. 

Solid particles suspended in the liquid can be the crystallization 
centres. A liquid thoroughly purified of such particles can be cooled 
to below the freezing point without the formation of crystals begin· 
ning. The state of such a supercooled liquid is metastable. It is usu­
ally sufficient for a dust particle to get into such a liquid for it to 
break up into a liquid and crystals at the equilibrium temperature. 
Sometimes upon great supercooling, however, the mobility of the 
liquid molecules is so insignificant that the metastable state can be 
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preserved for a very long time. The liquid in such cases has a very 
low fluidity and is an amorphous solid. 

The process of crystallization is attended by the liberation of the 
same amount of heat as that absorbed in melting. 

15.7. The Clapeyron-Clausius Equation 
We saw in the preceding sections that any two phases of a sub­

stance can be in equilibrium only at a definite pressure whose magni­
tude depends on the temperature. We can obtain the general form 
of this relation by resorting to the concept of entropy. For this pur­
pose, we shall consider a Car­
not cycle for a system consist­
ing of two phases of a given 
substance in equilibrium. 

In a p-V diagram, the Car­
not cycle for a two-phase sys­
tem has the form shown in 
Fig. 15.15 (the temperatures 
of the high temperature and 
low temperature reservoirs are 
assumed to differ by the very 
small value L1T). The numbers 
1 and 2 denote the extreme 
points of the horizontal por­
tion of the isotherm of tem­
perature T. States 1 and 2 are 
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one-phase ones. All the intermediate points on 1-2, depict two­
phase states differing from each other in the distribution of the mass 
of the substance between the first and the second phases. 

The isothermal process A-+ B is attended by a phase transition 
of a certain mass m of the substance. The volume of the substance 
receives an increment of m (v; - v;), where v~ and v; are the 
specific volumes of the first and second phases. For such a transition 
to occur, the heat Q1 equal to mL12 must be supplied to the sub­
stance {L11 is the specific heat absorbed in the transition from state 
1 to state 2 at the temperature T). The heat Q1 is the heat which the 
system receives in the course of the cycle from the high temperature 
reservoir. The heat is given up to the low temperature reservoir in 
the course of the isothermal process C-+ D. The heat given up amounts 
to Q; = m' L;,, where L;, is the heat of transition 1-2 at the tem­
perature T-L1T, and m' is the mass of the substance experiencing 
a phase transition in the course of the process C-+ D. This value 
differs somewhat from m because a certain mass of the substance 
undergoes phase transitions in the course of adiabatic processes. 
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On ihe isothermal portion A-B, the entropy of the system receives 
the increment AS1 equal to Q1/T. On the isothermal portion C-D, 
the increment of the entropy is AS, = -Q;I(T - AT). The entro­
PY does not change in the course of the adiabatic processes B-C and 
D-A. The total increment of the entropy during a cycle is zero. 
Hence, 

whence 
(15.4) 

According to Eq. (12.3), Q1 - Q; equals the work done during 
a cycle. This work can be found by calculating the area of the cycle. 
Approximately, this area can be considered equal tom (V; - v;) Ap 
(see Fig. 15.15). We thus arrive at the relation 

Ql-QB ~ m (v;-v;) Ap (15.5) 

In the limit when Ap tends to zero (for which it is necessary that 
AT also tend to zero), expression (15.5) transforms into a strict 
equality. · , 

Let us substitute expression (15.5) in Eq. (15.4) for Q1 - Q;, 
and also m£12 for Q1 • As a result, we get · 

m (V;-V1) Tl:l.p ~ mL121:l.T 
Hence, 

llp L 11 

fiY ~ T (Vi- Vi) 

Finally, performing the limit transition AT-+ 0, we arrive at the 
strict equation 

~ Lu 1 6 TT = T (Vi- Vi) ( 5. ) 

This expression is called the Clapeyron-Clausius equation. It re­
lates the temperature derivative of the equilibrium pressure to the 
heat of transition, the temperature, and the difference between the 
specific volumes of the phases in equilibrium. 

According to Eq. (15.6), the sign of the derivative dp/dT depends 
on what change in the volume-an increase or a reduction-attends 
a phase transition occurring with the absorption of heat. In the 
evaporation of a liquid or a solid, the volume always grows, there­
fore dp/dT for a vaporization curve, and also for a sublimation one, 
can only be positive: elevation of the temperature leads to an in­
crease in the equilibrium pressure. 

The volume grows, as a rule, in melting, so that dpldT > 0: an 
increase in the pressure raises the melting point. For some substances 
including water, however, the volume of the liquid phase is less 
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than that of the solid phase (V; < V~)*. In this case, dpldT < 0-
an increase in the pressure is attended by lowering of the melting 
point. We can melt ice by applying a high pressure to it without 
raising its temperature above 0°C. 

The temperature of transition from one crystalline modification 
to another will rise or lower with increasing pressure depending on 
which of the solid phases has a greater specific volume. 

15.8. Triple Point. Phase Diagram 
Let us take a substance in the form of a liquid and its saturated 

vapour in equilibrium with it and withdraw heat from it without 
changing the volume. This process will be attended by lowering of 
the temperature of the substance and a corresponding reduction in 
the pressure. Therefore, the point depicting the state of the sub­
stance in a p-T diagram will move 
downward along the vaporization 
curve (Fig. 15.16). This will contin-
ue until the freezing point of the 
substance is reached corresponding 
to the equilibrium pressure value. 
Let us denote this temperature 
by Ttr· The temperature and the p1,. 
pressure remain constant all the · 
time the freezing process goes on. 
The heat removed during this 
process is the heat liberated in 
freezing (crystallization). 

The temperature Ttr and the 
equilibrium pressure Ptr correspond-

p 
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ing to it are the only values of the temperature and pressure at 
which three phases of a substance-the solid, liquid, and gaseous 
ones-can be in equilibrium. The corresponding point in a p-T 
diagram is called a triple point. Thus, a triple point determines the 
conditions in which three phases of a substance can be in equilibrium 
simultaneously. 

Upon completion of the freezing process, the solid and gaseous 
phases will be in equilibrium. If we continue to remove heat from 
the substance, the temperature will again begin to lower. The pres­
sure of the vapour in equilibrium with the crystalline phase will 
decrease accordingly. The point depicting the state of the substance 
will move downward along the sublimation curve. 

• The volume of water is known to increase when it freezes. For this reason, 
ice bas a smaller density than water. 

26--7795 
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The temperature of a triple point is the temperature at which 
a substance melts when it is under the pressure Pt r· At other pressures, 
the melting point will be different. The relation between the 
pressure and the melting point will be depicted by the melting curve 
beginning at the triple point. Thus, a triple point is on the inter­
section of three curves determining the conditions of equilibrium 
of two phases: solid and liquid, liquid and gaseous, and, finally, 
solid and gaseous. 

Depending on the relation between the specific volumes of the 
solid and liquid phases, the melting curve is directed either as shown 
in Fig. 15.16 (dpldT > 0) or as shown in Fig. 15.17 (dp/dT < 0). 

, 

Fig. f5.17 Fig. t5.t8 

The melting, vaporization, and sublimation curves divide the 
coordinate plane into three regions. To the left of the sublimation 
and melting curves is the region of the solid phase, between the mel­
ting and vaporization curves is the region of liquid states, and, 
finally, to the right of the vaporization and sublimation curves is 
the region of gaseous states of the relevant substance. Any point in 
one of these regions depicts the corresponding one-phase state of 
the substance' (we always have in view only equilibrium states, i.e. 
states in which a substance can be as long as desired in unchanging 
external conditions). A point on one of the curves separating there­
gions depicts a state of equilibrium of the two relevant phases of the 
substance. The triple point depicts the state of equilibrium of all 
three phases. Thus, each point in the diagram depicts a definite 
equilibrium state of the substance. Such a diagram is called a phase 
diagram. 

The phase diagram is more complicated for a substance having 
several crystalline modifications. Figure 15.18 shows a diagram for 
the case when the number of different crystalline modifications is 
two. There are two triple points in this case. The liquid, gas, and 
the first crystalline modification of the substance are in equilibrium 
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at point Tr, while the liquid and both crystalline modifications are 
in equilibrium at point Tr'. 

A phase diagram for each particular substance is plotted on the 
basis of experimental data. Knowing the phase diagram, we can 
predict the state in which a substance will be in various conditions 
(at various values of p and T), and also the transformations which 
the substance will undergo in different processes. 

The following examples will explain this. If we take a substance 
in the state corresponding to point 1 (see Fig. 15.16) and subject it 
to isobaric heating, then the substance will pass through the sequence 
of states shown by the dash straight line 1-2, namely, crystals­
liquid-gas. If we take the same substance in the state depicted by 
point 3 and also subject it to isobaric heating, then the sequence of 
states (dash line 3-4) will be different, namely, the crystals transform 
directly into a gas without passing through the liquid phase. 

It can be seen from the phase diagram that the liquid phase can 
exist in an equilibrium state only at pressures not lower than that 
of the triple point (the same relates to the solid phase I I in 
Fig. 15.18). At pressures below Ptn only supercooled liquids are 
observed. 

The triple point of most ordinary substances is considerably lower 
than atmospheric pressure. Hence, the transition of these substances 
from the solid state to the gaseous one occurs through the interme­
diate liquid phase. For instance, a pressure of 4.58 mmHg and a 
temperature of 0.0075 oc correspond to the triple point of water. 
For carbon dioxide, the pressure at the tri.r.le point is 5.11 atm 
(the temperature of the triple point is -56.6 C). Therefore at atmo­
spheric pressure, carbon dioxide can exist only in the solid and the 
gaseous states. Solid carbon dioxide (dry ice) transforms directly 
into a gas. The sublimation point of carbon dioxide at atmospheric 
pressure is -78 °C. · 

If the specific volume of crystals exceeds the specific volume of 
the liquid phase, then the behaviour of the relevant substance in 
some processes may be quite peculiar. Let us take, for example, 
such a substance in the state depicted by point 1 (see Fig. 15.17), 
and subject it to isothermal compression. The pressure grows in 
this case, and the process is depicted in the diagram by a vertical 
straight line (see dash line 1-2). In the course of the process, the 
substance passes through the following sequence of states: gas­
crystals-liquid. Such a sequence is evidently observed at tempera­
tures below that of the triple point. 

In concluding, we shall note another feature of a phase diagram. 
The vaporization curve terminates at the critical point C. Hence, 
a transition from the region of liquid states to that of gaseous states 
is possible around the critical point without intersecting the vapori­
zation curve (see transition 3-4 in Fig. 15.17 depicted by the dash 

2fi* 
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curve). Figure 15.1.1 shows how such a transition looks in a p-V 
diagram. In this case, the transition from the liquid state to the 
gaseous one (and vice versa) is performed continuously through a 
sequence of one-phase states. It must be noted that the entire hori­
zontal portion of the relevant isotherm in Fig. 15.11 corresponds to 
the point with the coordinate T taken on the vaporization curve. 

The continuous transition between the liquid and the gaseous 
states is possible because the difference between them is more of a 
quantitative than of a qualitative nature. In particular, anisotropy 
is absent in both these states. A continuous transition from the cry­
stalline state to the liquid or gaseous one is impossible because we 
know that the crystalline state is featured by anisotropy. A transition 
from a state with anisotropy to one without it can be performed, how­
ever, only in a jump. Anisotropy cannot be present only partly­
either it is present or it is absent, and there is no third possibility. 
This is why the sublimation and the melting curves cannot terminate 
at the critical point like the vaporization curve does. The sublima­
tion curve terminates at the point p = 0 and T = 0, and the melting 
curve extends to infinity. 

In exactly the same way, a continuous transition from one cry­
stalline modification to another is impossible. Different crystalline 
modifications of a substance differ in their inherent elements of 
symmetry. Since a symmetry element may only be either present 
or absent, the transition from one solid phase to another is possible 
only in a jump. For this reason, the equilibrium curve of two solid 
phases, like the melting curve, extends to infinity. 



CHAPTER 16 PHYSICAL KINETICS 

16.1. Transport Phenomena 

Statistical physics has to do with equilibrium states and reversible 
processes (i.e. processes in which a system passes through a sequence 
of equilibrium states). The science studying the processes that are 
set up when equilibrium is violated is called physical kinetics. 

When equilibrium of a system is violated, the system tends to 
return to its equilibrium state. This process is attended by a growth 
in entropy and is consequently irreversible. Thus, the process~s 
which physical kinetics studies are irreversible. 

The violation of equilibrium is accompanied by the appearance 
of flows of either molecules, or heat, or an electric charge, and so 
on. In this connection, the relevant processes are called transport 
phenomena. It follows from the above that transport phenomena 
are irreversible processes. 

We shall consider three transport phenomena-diffusion, thermal 
conductivity, and internal friction or viscosity. We shall deal only 
with the cases when deviations from equilibrium are not consider­
able. First, we shall write empirical equations of these processes appli­
cable to any media (solid, liquid, and gaseous). In the following sec­
tions, we shall give the molecular-kinetic derivation of these equa­
tions for gases. 

When considering transport phenomena, we shall have to calcu­
late the amounts of various quantities (the number of particles, 
mass, energy, momentum) transported through an imaginary surface. 
The amount of a quantity passing in unit time through a surface 
is called the flux (flow) of this quantity. Examples are the flux 
(flow) of a liquid through a cross section of a pipe or tube, and the 
light flux through a window pane or through the glass bulb of an 
electric lamp. We can consider the flux through a surface of any 
shape; in particular, the surface can be closed. 

The flux is a scalar algebraic quantity. The sign of a flux is deter­
mined by the choice of the positive direction, for example, the direc­
tion of the axis along which the flux propagates. The positive direc­
tion is usually chosen arbitrarily. For closed surfaces, it is customa­
ry practice to consider the flux flowing out of the surface as positive, 
and that flowing into it as negative. 

In this chapter, we shall deal with fluxes through flat surfaces 
perpendicular to the z-axis. If particles, energy, or momentum will 
be transported through the surface in the direction of the z-axis, we 
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shall consider the corresponding flux to be positive, otherwise we 
shall consider it negative. 

Every transport phenomenon is due to changes in a certain quan­
tity I in ~pace. This quantity for the transport of particles (diffusion) 
is the concentration of the particles-the latter are transported in 
the direction of diminishing of their concentration. A heat flux ap­
pears when the temperature at different points of the medium differs, 
the heat flowing in the direction of diminishing temperature, etc. 

We shall consider for simplicity that the quantity I whose lack 
of homogeneity underlies the given transport process (the concen­
tration, temperature, etc.) is il function of only the coordinate z. 

, 
(C) 

Hence, the change in this quantity 
in space will he characterized by 
the derivative dlldz. The latter is 
usually called the gradient of the 

11=1/f'"D; quantity f. This name is not quite 

L----------------------z 
Fig. 16.1 

correct-strictly speaking, the deri­
vative of the scalar function I= I (z) 
with respect to z gives the projection 
of the gradient of the function onto 
the z-axis [see Eq. (3.23)1. Follow­
ing the tradition, however, we 
shall call quantities of the kind 
dj/dz in a transport equation a 
gradient. 

Ditlusion. Diffusion is defined 
as the spontaneous levelling out 

of the concentrations in a mixture of several (in the simplest case 
of two) different substances due to thermal motion. This process is 
observed in solid, liquid, and gaseous media. We shall consider only 
gaseous media. 

Assume that a unit volume of a two-component gas mixture con­
tains n1 molecules of one species and nz molecules of another one. 
The total number of molecules in unit volume is n = n1 + nz. The 
ratio 

"' c,=-;;-

is called the relative concentration of the molecules of the i-th species. 
Let us assume that concentration gradients dc1 /dz and dc,.fdz are 

set up in the direction of the z-axis, and dc1/dz = - dc1/dz 
(Fig. 16.1). Hence 

d 1 d 
-d (c1 +cJ =- -d {n1 +n2) =0 s n s 

so that n and, consequently, p are constant (p = nkT). Therefore, 
no gas-dynamical fluxes appear. But owing to the thermal motion 
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of the molecules, the process of levelling out of the concentrations 
will occur attended by the transport of the mass of each of the com­
ponents in the direction of the diminishing of its concentration. As 
indicated above, this process is called diffusion. 

It has been established experimentally that the nux of molecules 
of the i-th species through surface S perpendicular to the z-axis is 
determined by the expression 

N 1 == -D '!:' S (t6.1) 

where D is a constant of proportionality called the diffusion coeffi· 
cient. 

According to Eq. (16.1), when dn.,!dz > 0, the nux N 1 is negative; 
this signifies that the molecules are transported in a direction oppo-

dn 
~n(Z) 

~ .. z 
111•0 -

fa) (b) 

Fig. f6.2 

site to that of the z-axis (Fig. 16.2a). When dnddz < 0, the nux is 
positive, i.e. the molecules are transported in the direction of the 
z-axis (Fig. 16.2b). Thus, the minus sign in Eq. (16.1) is due to the 
fact that the molecules now in the direction of diminishing of the 
concentration. . 

The dimension of the nux of molecules N is 1/T, that of n1 is 
1/L3 , of the area S is V 1, and dz has the dimension L. Hence the 
diffusion coefficient has the dimension L2/T. 

Multiplying both sides of Eq. (16.1) by the mass of a molecule of 
the i-th species mh we get an expression for the nux of the mass of 
the i-th component: 

M 1- -D '!' S (16.2) 

Here p1 = n1m1 is the partial density of the i-th component; it. is 
also called the absolute concentration. 

Equations (16.1) and (16.2) are empirical equations of diffusion. 
They are also called Fick's law. 

Thermal Conductivity. Experiments show that if we set up a 
temperature gradient along the z-axis in a medium (solid, liquid, 
or gaseous one), then a heat nux is produced whose magnitude is 
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determined by the formula 
dT 

q== -x-S dz (16.3) 

where q = heat flux through surface S perpendicular to the z-axis 
dT/dz = temperature gradient (more exactly, the projection of 

the temperature gradient on the z-axis) 
x = proportionality constant depending on the properties 

of the medium and called the thermal conductivity 
coefficient. 

The unit of q is J /s, i.e. W (watt). Hence, x is measured in watts 
per metre-kelvin [W/(m· K)]. The minus sign in Eq. (16.3) signifies 
that the heat flows in the direction of diminishing of the tempera­
ture. Therefore, the signs of q and dT/dz are opposite. 

Equation (16.3) is an empirical equation of thermal conduc­
tivity. It is also called the Fourier law. 

Internal Friction. According to Eq.(9.12), the force of friction 
between two layers of a fluid is 

(16.4) 

where TJ = viscosity (viscosity coefficient) 
du/dz = quantity showing how rapidly the velocity of the fluid 

changes in the direction z perpendicular to the direction 
of motion of the layers (the gradient of u) 

S = surface area over which the force F acts. 
Equation (16.4) is the empirical equation of viscosity. 
According to Newton's second law, the interaction of two layers 

with the force F can be considered as a process in the course of which 
a momentum equal to F in magnitude is transmitted from one layer 
to another in unit time. Therefore, Eq. {16.4) can be written in the 
form 

du S K= -rJ­dz {16.5) 

where K is the momentum transmitted in one second from layer 
to layer through surface S, i.e. the momentum flux through S. 

The momentum flux K is measured in kg·m/s2 • Hence, the unit 
of the viscosity 11 is the kilogramme per metre-second [kg/(m · s)]. 
[This unit can also be written in the form pascal-second (Pa·s).] 

The minus sign in Eq. (16.5) is due to the circumstanee that the 
momentum "flows" in the direction of the decrease in the velocity 
u. Therefore, the signs of the flux K and of the derivative duldz 
are opposite. 

It must be remembered that Eq. (16.4) determines the identical 
modulus of two oppositely directed forces with which the layers act 
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on each other. Therefore, the minus sign must not be written in front 
of the right-hand side of Eq. (t6.4). In addition, we must take the 
magnitude of the expression du!dz (the magnitude of the force with 
any sign of the derivative du/dz must be positive). 

16.2. Mean Free Path 
The molecules of a gas in thermal motion continuously collide 

with one another. The term" collision" as applied to molecules must 
not be understood literally and the process conceived as the colli­
sion of rigid balls. By a col-
lision of molecules is meant 
the process of interaction 
between them as a result of 
which the molecules change 
the direction of their 
motion. 

Figure 16.3 shows a 
curve depicting the mutual 
potential energy of two 
molecules as a function of 
the distance r between their 
centres. Let us use this 
curve to consider the process 
of the approach (collision) 
of molecules. Let us men­
tally place the centre of 
one of the molecules at the 
origin of coordinates, aild 
imagine the centre of the 

--------e,fcli) 
~1t----~~~Ek==~~~r 

Fig. f6.3 

second molecule moving along the r-axis. Assume that the second 
molecule is flying toward the first one from infinity having the 
initial store of kinetic energy ek = e1• Approaching the first mole­
cule, the second one under the action of the force of attraction moves 
with a constantly growing velocity. The kinetic energy of a molecule 
ek also grows as a result. The total energy of the system equal to 
e = ek + ep, however, remains unchanged (the system of the two 
molecules is closed) and equal to e1 because the potential energy 
ep diminishes simultaneously. When the molecule passes the point 
with the coordinate r0 , the forces of attraction are replaced by forces 
of repulsion, owing to which the molecule begins to rapidly lose its 
velocity (in the region of repulsion the curve of ep is very steep). 
At the moment when the potential energy ep becomes equal to the 
total energy of the system e1, the velocity of the molecule vanishes. 
At this moment, the molecules approach each other to the closest 
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distance. Mter the molecule stops, all the phenomena proceed in 
the reverse sequence: first the molecule travels with a constantly 
growing velocity under the action of the force of repulsion, upon 
covering the distance r 0, the molecule gets under the action of the 
force of attraction that retards its motion and, finally, travels away 
to infinity having its initial store of kinetic energy e1• 

The minimum distance between the centres of two molecules 
when they collide is called the etlective or collision diameter of 
a molecule d (Fig. 16.4). The quantity 

(16.6) 

is known as the effective section of a molecule. 
A glance at Fig. 16.3 shows that when a molecule begins its mo­

tion from infinity with a greater store of energy, the minimum 

r:::>Y:\ 
~ 

I I 
l--d--1 

distance between the centres of the molecules 
when they approach is less (compare d1 and 
d 2 in the figure). Thus, the collision diameter 
of molecules depends on their energy and, con­
sequently, on the temperature. The collision 
diameter of molecules diminishes with increasing 
tern perature. 

Fig. 16.4 During one second, a molecule travels an av­
erage path equal to the mean velocity {v}. If 

it experiences an average of v collisions a second, then the mean 
free path will be 

(16.7) 

To calculate the average number of collisions v, let us first as­
sume that all the molecules except for a given one are frozen still in 
their places. Let us watch the motion of the molecule we have ear­
marked. After striking one of the stationary molecules, it will fly in 
a straight line until it collides with another stationary molecule 
(Fig. 16.5). This collision will occur if the centre of the stationary 
molecule is at a distance from the line of flight of the molecule less 
than the collision diameter of a molecule d. As a result of the colli­
sion, the molecule will change the direction of its motion, and will 
then again fly along a straight line for a time. This will continue 
until it encounters another molecule whose centre will be within 
the cylinder of radius d shown in Fig. 16.5. 

The molecule travels a path of {v) in one second. The number of 
collisions with stationary molecules occurring during this time equals 
the number of molecules whose centres are within the bent cylinder 
of length {v) and radius d. It will be shown below that the mean 
free path is much larger than the collision diameter of the molecules 
d. Therefore, the volume of the cylinder can be considered equal to 
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nd' {v). Multiplying this volume by the number of molecules in a 
unit volume n, we get the average number of collisions of a moving 
molecule with stationary ones per second: 

v' = niP (v) n (16.8) 

Actually, all the molecules are in motion, owing to which the 
number of collisions is determined by the mean velocity of motion 
of the molecules with respect to one another, and not by the mean 

Fig. t6.5 

velocity {v) of molecules relative to the walls of the ves8el confining 
them. The relative velocity of two arbitrarily taken molecules is 

Vrel=Vz-Vt 

Squaring this equation, we get 

ll'ret = (v2-v1) 2 =v:+ v~-2v1v2 
(we have taken advantage of the fact that v2 = v2). The mean value 
of the sum of several quantities equals the sum of the mean values 
of the quantities being added. Hence, 

{v:e1) = {v:> + {v~) -2 {v1v 2) 

Events consisting in that a first molecule has the velocity v1 and 
a second one the velocity v 1 are statistically independent. Therefore, 
{v1v 2 ) = {v1 ){v2 ). Each of the multipliers equals zero for a gas in 
equilibrium. Thus, 

(v:C,1) = (v:) + (v!) :::s 2 (v2) 

(the mean value of the square of the velocity of all the molecules is 
the same and equals (vi)). The result obtained signifies that Vret.m.sq = 
= Y2vm.sq· The mean square velocities are proportional to the 
arithmetical mean ones. Consequently, 

(Vret) == Y2 (v) 
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Substituting (vre1) for (v) in Eq. (16.8), we get the following 
expression for the mean number of collisions: 

v = y2 nd2 {v} n (16.9) 

Using this value of v in Eq. (16. 7), we get the following equation 
for the mean free path: 

l= t 
V2 nd1n 

(16.10) 

Substituting CJ for ncP in the above equation in accordance with 
Eq. (16.6), we get 

l= 1 
V2an 

(16.U) 

At constant temperature, n is proportional top. Hence, the mean 
free path is inversely proportional to the pressure: 

1 l oc- (16.12) 
p 

We noted above that the collision diameter of molecules diminishes 
with increasing temperature. Accordingly, elevation of the tempera­
ture is attended by an increase in the free path .. 

Let us assess the value of the mean free path and the average num­
ber of collisions a second. We established in Sec. 10.2 that mole­
cules have dimensions of the order of several angstroms. J;et us adopt 
the collision diameter of a molecule equal to 2 A, i.e. 2 x 
X 10-10 m. A mole of a gas in standard conditions (i.e. at 0 °C and 

p = 1 atm) occupies a volume of 22.4 X 1Q-3 m3 • The number of 
molecules in unit volume in these conditions is 6 X 1023 : 22.4 X 
X tQ-3 ~ 3 X 1026 m-a. Introducing these numbers into Eq. (16. 10), 
we have 

l = 1 ~ 2 x 10-7 m = 2 X 10-6 em V 2 X 3.14 X 4 X to-to X 3 X 1()15 

At a pressure of 1Q-8 mmHg (which corresponds to about 1Q-6 atm), 
l will be of the order of 10 em. If a vessel has dimensions of a few 
centimetres, then at such a pressure the molecules will travel from 
wall to wall virtually without colliding with one another. At a pres­
sure of 10-s mmHg l reaches a value of scores of metres. 

When deriving Eq. (16.8), we assumed that l is much greater 
than d. Now we can see that this assumption is correct. Indeed, it 
follows from the above assessment that in standard conditions the 
ratio of l to d is about 2 x 10-6 : 2 x 10-10 = 106. 

We can find the number of collisions a second by dividing the 
mean velocity of the molecules {v) by l. In Sec. 11.6, we obtained 
a value of (v) of about 500 m/s for oxygen. Dividing this value by 
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l = 2 X t0-7 m, we get a value of 2.5 X 109 s-1 for the number of 
collisions a second. Thus, in standard conditions, the number of 
collisions a second is several thousand millions. The number of col­
lisions diminishes with a decreasing pressure, changing in propor­
tion top [see Eq. (16.12)]. 

t6.3. Diffusion in Gases 
We shall attempt to get an equation of diffusion proceeding from 

molecular-kinetic notions. To simplify our task, we shall consider 
that the molecules of both components differ only slightly in mass 
(~ ~rna~ m) and have virtually identical effective sections 
(a1 ~as~ a). In this case, we 
can assign the same mean 
velocity of thermal motion (v) 
to the molecules of both com­
ponents and calculate the 
mean free path by the equation 

where n = ~ + ns. 
It is easy to understand 

that the process of diffusion 
in gases will proceed more 

z-L z z•l· 
Fig. t6.6 

intensively when the molecules have a higher velocity (v) and 
collide less frequently with one another (i.e. the free path l is 
greater). Consequently, we can expect that the diffusion coeffi­
cient D must be proportional to the product (v)l. This agrees with 
the fact that, as we noted in Sec. 16.1, the dimension of D is Ls/T. 

Let us begin our calculations. Assume that the change in the 
concentration of the first component along the z-axis is described 
by the function n1 = ~ (z). Let us denote the number of molecules 
of the first component flying through area S in the direction of the 
z-axis a second by N~, and the number of molecules flying in the 
direction opposite to the z-axis by N;_ (Fig. 16.6)*. The difference 
between these numbers is the flux of the molecules of the first compo­
nent N1 through surface S: 

N 1 =N;-N; (16.13) 

We shall proceed from the simplified notion according to which 
the molecules move along three mutually perpendicular directions 

• We have drawn Fig. 16.6 so that the molecules Nifty through the upper 
half and the molecules Nj through the lower half of area S. Actually, both 
groups of molecules are distributed over the entire surface S. 
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coinciding with the axes x, y, z (the axes x and yare parallel to area 
8). In this case according to Eq. (H.24), the number of molecules 
ftying one of the directions through unit area a second is~ n (v). 

Hence, the numbers Ni and Ni can be represented in the form 

N~ = ! n~ (v} S, N; = ! n; (v) S (1.6.14) 

where ni = "effective" concentration of the molecules of the first 
component to the left of S 

ni = the same to the right of 8. 
Molecules will fly through surface S that experienced their last 

collision at different distances from it. On an average, however, 
the last collision will occur at a distance from 8 equal to the mean 
free path l. It is therefore reasonable to take the value n1 (z - l) 
as ni, and n1 (z + l) as ni (seeFig.16.6). Hence, with a view to Eqs. 
(1.6.13) and (16.14), we can write that 

1 N 1 =s (v) S [nt(z-l)-nt(z+l)] (16.15) 

Since l is very small, the difference between the values of the func­
tion n1 (z) given in Eq. (16.15) in brackets can be written in the 
form*. 

n1 (z -l)- n1 (z + l) = - da':1 2l 

Introducing this expression into Eq. (16.15), we find that 

(16.16) 

N1 =-(!<v>l}~:1 8 (16.17) 

A comparison of Eqs. (16.17) and (16.1) shows that on the basis 
of molecular-kinetic notions we can not only arrive at a proper de­
pendence of N 1 on dn1/dz, but also obtain an expression for the diffu­
sion coefficient D. This expression has the form 

1 
D=-a(v)l (16.18) 

More strict calculations lead to the same formula, but with a some­
what different numerical factor. 

• Equation {16.16) holds provided that the change in n1 over the free path 
is much smaller than n1 itself ( d;:1l~n1 }. This condition gives a criterion for 

the smallness of the deviation from equilibrium {see the fourth paragraph of 
Sec. 16.1). 

This remark relates to similar formulas of the following two sections. For 
example, Eq. (16.23) holds provided that;!!' l ~ T. 
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. It must be noted that as we assumed, the diffusion coefficient is 
proportional ·to the product (v)l. 

The derivation that led us to Eq. (16.17) can be applied with equal 
rights to both components of a mixture. Hence, the diffusion coeffi­
cient has the same value for both components. 

Let us investigate the expression we have obtained for the diffu­
sion coefficient D. Inserting in Eq. ( 16.18) the expressions for (v) 
and l, we find that 

t y-r Doc- -na m (16.19) 

It follows from Eq. (16.19) that the diffusion coefficient is inversely 
proportional to the number of molecules in a unit volume, and, con­
sequently, to the pressure p: 

Doc..! 
p 

With elevation of the temperature, D grows approximately in pro­
portion to Y T (we remind our reader that cr slightly depends on 
T). 

We have assumed that the molecules of both components are iden­
tical in mass and effective section. Therefore, Eq. (16.18) is in es­
sence an expression for the coefficient of self-diffusion, i.e. the diffu­
sion of the molecules of a gas in a medium containing molecules of 
the same gas. The phenomenon of self-diffusion could be observed 
if we marked in some way or other part of the molecules of a homo­
geneous gas. If the concentrations of marked molecules and of the 
molecules bearing no marks were not constant, counterflows of the 
two kinds of molecules would appear in the gas, and the magnitude 
of the flows would be determined by Eq. (16.17). Self-diffusion can 
be studied in practice by employing the tracer technique. It consists 
in using a mixture of isotopes, i.e. varieties of atoms of the same ele­
ment differing from each other, for example, in that one variety of 
the atoms is radioactive and the other is stable. 

When the molecules of the two components of a mixture differ 
in their mass and in effective section, the diffusion coefficient is 
determined by the expression 

where nu (vt), 

n 1 , (v1 ), 

D _ n1 (v1} l 1 + n2 {v1) l1 

- 3(n1 +n:z) 

4 = concentration, mean velocity, and mean free 
path of the molecules of the first component 

l1 = the same quantities for the molecules of the 
second component.· 
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16.4. Thermal Conductivity of Gases 

Let us calculate the heat flux in a gas on the basis of molecular­
kinetic notions. If the temperature of the gas differs at different 
points, then the mean energy of the molecules at these points will 
also differ. Being displaced owing to thermal motion from one set 
of points to another, the molecules transport the energy they have 
stored. This energy transfer underlies the process of thermal conduc­
tivity in gases. 

Before beginning our calculations, let us attempt to reveal the 
factors that can affect the ability of a gas to conduct heat. It is easy 

to understand that apart from 
T•T(z} the factors determining the rate 

of diffusion, i.e. the mean velo­
city of the molecules (v) and 
the free path l, the amount of 
energy transported by the mole-

---+----1-----t---z cules must depend on the ability 

z-l z 
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Fig. 16.7 

of the molecules to store energy, 
i.e. on the heat capacity of the 
gas. 

Let us consider a gas in which 
a temperature gradient is main­
tained in some way or other 
along the direction which we 

have denoted by the letter z. Let us mentally imagine area S 
perpendicular to this direction- (Fig. 16. 7). 

On the basis of simplified notions, we shall consider that the num­
ber of molecules flying in one second through area S in each direc­
tion (from left to right and from right to left) is 

t 
N==r;n(v)S (16.20) 

At constant pressure, n depends on the temperature (p = nkT), 
and (v) also changes with the temperature. Accordingly, it would 
seem that to find the number of molecules flying through area S 
from left to right we ought to use in Bq. (16.20) the values of n and 
(v) corresponding to one temperature, and to find the number of 
molecules flying from right to left, the values of nand (v) correspond­
ing to another temperature. The numbers of molecules flying 
through area S in opposite directions cannot differ, however. If 
they did, then apart from the heat flux through area S, we would 
also observe a flow of matter-the gas would be transported from 
one part of space to another. But we assumed that no processes occur 
in the gas except for the transport of heat. Therefore, we shall use 
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Eq. (16.20) to calculate the number of molecules flying through 
S in each direction, assuming for n and (v) their values in 
section S. 

It must be noted that since n = plkT, i.e. n is proportional to piT, 
and (v) is proportional to V T, the constancy of the product n (v) 
signifies the constancy of the expression 

P-./- p 
TrT==V'T 

Hence, for no flow of molecules to be observed when a temperature 
gradient is present, it is essential that the pressure change along the 
z-axis in proportion to YT. 

In calculating the heat flux, we shall proceed from the assumption 
that every molecule carries with it the energy e = ~kT correspond­
ing to the temperature at the spot where its last collision with 
another molecule occurred. On the average, this collision occurs at 
a distance from S equal to the mean free path l (see Fig. 16. 7). Thus, 
the energy {e1 ) corresponding to the temperature T1 = T (z-l), 
i.e. to the temperature in the plane (z - l), should be ascribed 
to the molecules flying in the direction of the z-axis, and the 
energy {e2 ) corresponding to the temperature T 2 = T (z + l) should 
be ascribed to the molecules flying in the opposite direction (here 
z is the coordinate of plane S). 

In accordance with the above, we get the following expression for 
the heat flux through area S in the positive direction of the z-axis: 

q=N ({e1)-{~)) 
where N is determined by Eq. (16.20). Introduction of the values 
of N, (e1 ), and (e2 ) yields 

q=! n{v)S ( ~ kT1 - ~ kT2 ) =! n{v)S ~ k(T1 -T2) (16.21) 

The difference T 1 - T 2 equals 

T (z-l)-T (z+l)=- ~: 2l (16.22) 

(we have taken into account the smallness of l). Here dT/dz is the 
derivative of T with respect to z at the location of plane S. 

With a view to Eq. (16.22), we can write Eq. (16.21) as follows: 

q=- !n(v)S ~ k ~~ 2l=-! {v)l( ~ kn) !: S (16.23) 

A comparison of this equation with Eq. (16.3) gives the following 
expression for the thermal conductivity coefficient: 

x = ! (v) l ( ~ kn) (16.24) 
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It should be remembered that the expression ~ R = ~ kN A 

determines the heat capacity at constant volume C v of one mole of 
a gas, i.e. the amount of a gas containing N A molecules. Similar-

ly, the expression ~ kn is the heat capacity of the amount of a gas 

containing n molecules, i.e. the heat capacity of a unit volume of 
the gas. We can obtain this heat capacity by multiplying the spe­
cific heat capacity cv (the heat capacity of a unit mass) by the mass 
of a unit volume, i.e. by the density of the gas p. Thus, 

i 
2 kn=pcv (16.25) 

Introducing Eq. (16.25) into (16.24), we arrive at the final expres­
sion for the thermal conductivity coefficient of a gas: 

t 
x=3 (v) lpcv (16.26) 

AJ5 we have expected, the thermal conductivity coefficient was found 
to be proportional to {v}, l, and the heat capacity of a gas pcv. Mote 
strict calculations lead to a similar expression for x, but with a 
somewhat different numerical factor. 

Let us find how x depends on the quantities characterizing mole­
cules and on the parameters of state of a gas. Taking into account 
that (v) is proportional to Y Tim, l is proportional to 1/nCJ, and 
pcv is proportional to in [see Eq. (16.25)], we get 

V T t. 'VT xcc ---zn=- -m na a m (16.27) 

Inspection of expression (16.27) shows that unlike the diffusion 
coefficient, the thermal conductivity coefficient of a gas does not 
depend on the number of molecules in a unit volume, and, there­
fore, on the pressure (p = nkT). This is due to the following reasons. 
Reduction of the pressure is attended by diminishing of n, i.e. of 
the number of molecules participating ii:t the transfer of energy. 
Simultaneously, l grows and, consequently, also the difference 
between the energies transported by every molecule in opposite 
directions. AJ5 a result, we see that the amount of energy trans­
ferred by the molecules at the given temperature gradient does not 
depend on the pressure. This holds only as long as l remains small 
in comparison with the distance between the surfaces exchanging 
heat at the expense of the thermal conductivity of the gas contained 
between them (for example, in comparison with the size of the gap 
between the internal and external walls of a glass vacuum bottle). 
As this condition stops being observed, the thermal conductivity 
begins to depend to a greater and greater extent on the pressure, 
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diminishing when the latter lowers. When l exceeds the distance 
between the surfaces, the path of the molecules is determined by the 
magnitude of this distance and stops depending on the pressure. The 
number of molecules per unit volume continues to fall off with de­
creasing pressure, the result being a reduction in x. 

When the temperature is raised, the thermal conductivity coeffi­
cient grows somewhat more rapidly than V"T."" The cause is that the 
effective section a depends slightly on T {see Sec. 16.2). 

16.5. Viscosity of Gases 

To understand the origin of forces of internal friction, let us consid­
er two contacting layers of a gas having a thickness of ~z. We shall 
assume that the layers move with different velocities UJ. and u 3 
{Fig. 16.8). Every molecule of the 
gas participates in two motions: 
chaotic thermal motion whose mean 
velocity is (v}, and ordered motion 
with the velocity u that is much 
smaller than (v}. 

Suppose that at a certain mo­
ment the layers have the momenta 

Fig. 16.8 

K1 and K 2 • These momenta cannot remain unchanged because owing 
to thermal motion the continuous transition of molecules from one 
layer to another occurs. According to our simplified notions, the 
number of molecules passing through area S from one layer to 
another a second is determined by the expression 

1 N= 6 n (v}S {16.28) 

{the insignificant effect of ordered motion on the magnitude of the 
velocity of the molecules may be disregarded). 

Upon getting into another layer, a molecule collides with the 
molecules of that layer. As a result, it either gives up its surplus 
momentum to other molecules {if it arrived from a layer moving 
with a greater velocity), or increases its momentum at the expense 
of the other molecules (if it arrived from a layer moving with a small­
er velocity). As a result, the momentum of the faster layer dimin­
ishes, and of the slower one grows. The layers thus behave as if a 
retarding force is applied to the first layer {whose velocity is greater), 
and an accelerating force equal in magnitude is applied to the 
second layer (whose velocity is lower). 

The momentum transferred through area S on the interface be­
tween the layers depicted in Fig. 16.8 in unit time from the first 
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layer to the second one is 

K = N (mu1 - mu1) 

(m is the mass of a molecule). Introduction of Eq. (16.28) for N 
yields 

(16.29) 

In a real gas flow, the velocity when crossing the interface between 
two layers changes not in a jump, but continuously according to the 

z ll=U(Z) 

1------­
h ttr 

------ ---

Fig. 16.9 

law u = u (z) (Fig. 16.9). We 
shall consider that every mole­
cule flying through surface S 
carries along with it the mo­
mentum mu determined by the 
value of the velocity u at the 
spot where the last collision of 
the molecule occurred. Different 
molecules experience their last 
collision at the most diverse 
distances from S. On the ave­
rage, this collision occurs at a 
distance equal to the free path l. 
We shall therefore ascribe the 
velocity Ut = u (z - l) to the 
molecules flying in the direction 
of the z-axis, and the velocity 

u 2 = u (z + l) to the molecules flying in the opposite direction. 
Inserting these values in Eq. (16.29), we get the following expression 
for the momentum flux in the direction of the z-axis: 

K 1 S 1 du 2 = 6 n (v) m[u(z-l)-u(z+l)]= - 6 n (v) SmdZ l 

[compare with Eq. (16.23)1. 
Taking into account that the product nm equals the density of 

a gas p, we can write that 

K = - ( ! (v}lp) ~: S 

A comparison with Eq. (16.5) gives an expression for the viscosity: 
1 

f)= 3 {v) lp (16.30) 

Stricter calculations lead to the same expression, but with a some­
what different numerical factor. 

It can he seen from Eq. (16.30) that like D and x, the viscosity 
is proportional to (v} and l. It is also proportional to the density 
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of a gas p, i.e. to a quantity characterizing the ability of a gas to 
"accumulate" momentum-at a given velocity u the momentum of 
a unit volume of a gas is the greater, the higher is the density p 
(we remind our reader that the thermal conductivity is proportional 
to the heat capacity of a unit volume of a gas). 

Taking into account the expressions for the quantities in 
Eq. (16.30), we can write that 

Y 1 ymf 
TJCX: -·-nm=---

-' m no o 

Hence, it follows that like x, the viscosity does not depend on the 
pressure. This holds only as long as l remains small in comparison 
with the size of the gap through which the gas is flowing (for exam­
ple, in comparison with the diameter of a pipe). As this condition 
stops being observed, the viscosity begins to depend more and more 
on the pressure, diminishing when the latter drops. The viscosity 
11 depends on the temperature in the same way as D and x. 

16.6. Ultrararefied Gases 

When the free path of molecules exceeds the linear dimensions 
of the vessel confining them, we say that a vacuum has been achieved 
in the vessel. The gas in this case is called ultrararefied. Al­
though the word vacuum literally means "emptiness", an ultrarare­
fied gas contains a great number of molecules in a unit volume. Thus, 
at a pressure of 10-6 mmHg, one cubic metre contains about 1016 

molecules. Moreover, in very minute pores, the state defined as a 
vacuum can also be achieved at atmospheric pressure. 

The behaviour of ultrararefied gases is distinguished by numerous 
features. For conditions of a vacuum, we cannot speak of the pres­
sure of one part of a gas on another. In ordinary conditions, the mole­
cules often collide with one another. Consequently, any surface 
with which we mentally divide a gas into two parts will experience 
an exchange of momenta between molecules. Thus, one part of the 
gas will act on the other with the pressure p over the interface. In 
a vacuum, the molecules exchange momenta only with the wa1ls of 
the vessel, so that only the concept of the pressure of a gas on a wall 
has a meaning. Internal friction is also absent in the gas. But a 
body moving in an ultrararefied gas will experience the action of a 
friction force due to the fact that the molecules colliding with this 
body will change its momentum. Let us consider this in greater de­
tail. 

Assume that two plates are moving parallel to each other in an 
ultrararefied gas (Fig. 16.10). The velocities of the plates are Ut 
and u 2 • The interaction between a molecule and a plate at the mo-



422 Molecular Physics and Thermodynamics 

ment of a collision leads to the molecule, upon rebounding from 
the plate, having a velocity component equal in magnitude and 
direction to the velocity of the plate in addition to its thermal veloc­
ity. 

A unit area of the upper plate will be struck in one second by 

~n(v) molecules having a velocity component u 2 acquired in the 

preceding collision with the lower plate. Each of these molecules 
carries a momentum component of mu2 • Upon rebounding from the 
upper plate, the molecules have a momentum component of mUt. 

1.._ _____ _. r, 

1tk7Z Jjkr, 
L-----------~r--- Uz z L------..J 1Z 

Fig. 16.10 Fig. 16.11 

Consequently, a collision of every molecule with the upper plate 
results in its momentum diminishing by m (u1 - u 2). The change 
in the momentum in unit time related to unit surface area of the 
plate is 

1 
6 n(v} m (u1 -~) 

This change equals the force acting on a unit surface area of the 
plate: 

(16.31) 

{we have substituted p for nm). A force of the same magnitude, but 
opposite in direction, ·acts on a unit surface area of the lower plate. 

It is natural to call the proportionality constant between the force 
of friction and the velocity difference of the plates the coefficient 
of friction. It can be· seen from Eq. (16.31) that this coefficient 

equals ~ p {v}, _i.e. is- proportional to the density of the gas and, 

consequently, to the pressure of the gas on a plate and the walls of 
the vessel (the expression p =nkT remains in force for this pres­
sure). 

Let us now consider the transfer of heat by a gas in a vacuum. 
We shall consider two plates with temperatures T1 and T 2 between 
which there is an ultrararefi.ed gas (Fig. 16.11). If the impact of the 
molecules against the surface of the rigid body were of a perfectly 
elastic nature, the molecules would rebound from a plate with the 
same velocity in magnitude (and, consequently, with the same ener-
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gy) as they had before the collision. As a result, the molecules would 
not be able to transfer energy from one plate to the other. Such a 
conclusion, however, contradicts experimental data. Hence, the 
interaction between a wall and a molecule striking it is not an elas­
tic collision in nature. Indeed, it occurs as follows: upon striking 
a wall, a molecule adheres to it, as it were, for a brief time, after 
which it leaves the wall in an absolutely arbitrary direction with 
a velocity whose magnitude on the average corresponds to the tem­
perature of the wall*. 

Let us revert to Fig. 16.11. Each of the jn {v)S molecules strik-
t ing the upper plate a second carries the energy 2 kT 2 along with 

it and carries away an energy of ~ kT1 • Hence, each impact of a 

molecule against a plate leads to the latter losing the energy 

~ k (T 1 - T 2}. The second plate receives the same energy upon each 
impact. Thus, the amount of energy transferred by the molecules 
in one second from plate to plate will be 

1 . 
q=s-n{v) ~ k(T1 -T2)S 

Multiplying and dividing this expression by mN A• we get 
1 

q= 6 p {v) cv (T1 -T2) S (16.32) 

The thermal conductivity coefficient equal to~ p {v) cv is found 

to be proportional to the density of a gas when the latter is ultra­
rarefied. Hence, heat transfer from one wall to another will fall off 
with decreasing pressure, whereas the thermal conductivity of a 
gas in ordinary conditions does not depend, as we have seen, on 
the pressure. 

• We must note that this more precise definition of the nature of interaction 
of the molecules with a wall does not affect the results which we obtained in 
Sec. 11.4 when calculating the pressure. If the temperature of the gas and the 
walls is the same, then the molecules will leave a wall with the same mean 
velocity with which they collided with it, so that the change in the momentum 
of the molecules as a result of a collision is the same on an average as in a per­
fectly elastic collision. 
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A. f. List of Symbols 
A 
a 
a 
B 
b 
b 
c 
c 

c 
D 
d 
d 
E 
e 
e 
F 
F 
F* 
I 
f 
G 

g 
g' 
H 
h 
1i 
I 
Im 
t 
K 
k 

L 

amplitude; atomic mass; work 
distance 
acceleration*; vector 
amplitude 
distance; thickness 
vector 
curvature; molar heat capacity 
distance; relative concentration; specific heat capacity; speed 
of light 
vector 
diffusion coefficient 
collision diameter; diameter 
vector 
energy; mechanical equivalent of heat; Young's modulus 
base of natural logarithms 
unit vector 
free (Helmholtz) energy 
force 
non-conservative force 
coefficient of friction; relative fluctuation 
force 
Gibbs thermodynamic potential (Gibbs energy); gravitational 
constant; shear modulus 
acceleration of free fall 
gravitational field vector, gravitational intensity 
curvature; enthalpy 
height; Planck's constant 
Planck's constant divided by 2n (h/2n} 
~om~nt of inertia l L ·r:z., ~ \r'd-J 
1magmary [;: -
imaginary unity (i = V -f) 
momentum (also p); momentum flux 
Boltzmann constant; constant of proportionality; quasi-elastic 
force coefficient; spring constant 
heat of transition 

• The magnitude of a vector is denoted by the same symbol as the vector 
itself, but in ordinary italic (sloping) type. 
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L angular momentum 
L dimension of length 
l length; mean free path of molecule 
M mass 
M moment of force (torqueL • ~ 
M dimension of mass 

p 
p 
p 
p 
Q 
q 
R 
Re 
Re 
r 

r 
s 
s 
T 
T 
t 
u 
u 
v 
v 
w 
w 
X 

y 

1 
A' 
e 
1} 

mass 
number of molecules, particles, etc. 
Avogadro constant 
number of molecules or particles per unit volume; polytropic 
exponent 
power; probability 
force of gravity 
pressure 
momentum (also K) 
amount of heat; quality; rate of flow 
heat flux 
molar gas constant; radius of curvature 
Reynolds number 
real 
radius; resistance coefficient 
displacement; position (radius) vector 
area; entropy 
distance; "interval" 
absolute temperature; period of revolution 
dimension of time 
temperature, Celsius scale; time 
internal energy 
velocity 
potential function; volume 
velocity 
weight 
energy density 
coordinate 
coordinate 
complex number; coordinate 
angle; coefficient of elastic compliance; constant; initial phase 
of oscillations 
angular acceleration 
angle; damping factor; refrigerating factor (coefficient of per­
formance) 
angle; ratio of heat capacities Cp!Cv; relative shear 
increment 
elementary amount 
energy; strain 
efficiency; viscosity (dynamic) 



e thermodynamic temperature 
e angle; temperature 
x thermal conductivity coefficient 
A volume of cell in v-space 
A logarithmic decrement 
J.L reduced mass 
v frequency; kinematic viscosity; number of revolutions per unit 

time 
n ratio of circumference to diameter, n = 3.14+ 
p density; polar coordinate 
a effective section of molecule; stress; surface tension 
't proper time; tangential or shear stress 
'" unit vector of tangent to trajectory 
q> angle; polar coordinate 
Q solid angle; statistical weight 
ro cyclic frequency 
ro angular velocity 

A.2. Calculation of Selected Integrals 

1. The impr~per~tegral 
+oo 

I (~) = J exp (- ~x2) dx 
-oo 

(A.1) 

is called the Poisson integral. Denoting the integration variable 
by the letter y, we can· write this integral in the form 

+oo 

I(~)= J exp ( -~y2) dy 
-oo 

Multiplying the two expressions, we arrive at the double integral 
+oo +oo 

[/ (~)] 2 = J exp (- ~x2) dx J exp ( -~y2) dy = 
-oo -oo 

+oo +oo 

= J J exp [ -~(xz+y2)] dxdy (A.2) 
-oo -oo 

It is easy to calculate this integral by considering the variables 
x and y as Cartesian coordinates in a plane and passing over from 
these coordinates to the polar ones r and q>. When x and y vary 
from -oo to +oo, the coordinate r varies within the limits from 0 
to oo, and cp within the limits from 0 to 2n. The sum x2 + y2 equals 
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r 2 , while the surface element dx dy in polar coordinates has the 
form r dr d<p. Performing this substitution in Eq. (A.2), we arrive 
at the expression 

2n oo 

(I (~)]2= ~ d<p ~ exp ( -~r2) r dr = 2n. 2~ =t 
o 0 

Hence for the integral (A.1), we get the value I ~) = V nl~. Thus, 

+co -J exp ( -~x2) dx= V; (A.3) 
-co 

2. Both sides of Eq. (A.3) can be considered as a function of the 
parameter ~. Differentiating with respect to this parameter (at the 
left we differentiate the integrand function), we find that 

+oo --
) exp (- ~x2) x2 dx= ~ V;. (A.4) 

-co 

Repeated differentiation with respect to P yields 

+co --J exp ( -~x2) x 4 dx=! V;. (A.S) 
-oo 

The integrand functions in the integrals (A.3), (A.4), and (A.5) 
are even ones. Therefore, the contributions to these integrals of the 
intervals [-oo, 0} and [0, +oo] are the same. Hence it follows 
that, for example, 

co --J exp ( -~x2) x 4 dx=! V;. (A.6) 
0 

A.3. The Stirling Formula 

With great values of N, we can obtain a simple approximate for­
mula for Nl. In accordance with the definition of Nl, we have 

N 

lnN!=ln(1x2x ..• xN)=ln1+In2+ •.. +lnN= ~ lnm 
m-1 

The sum we have written equals the sum of the areas of the columns 
depicted in Fig. A.1. At great values of N, the sum of the areas of 
these columns differs very slightly from the area confined by the 

28* 
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dash curve, which is a graph of the function ln x. Hence, 
N 

lnNI~) lnxdx=[xlnx-x]~ ==NlnN-N+1 
t 

With great values of N, we may disregard unity, and we arrive at 
the formula 

ln Nl ~ N ln N - N (A.7) 

which is called the Stirling formula. 
We must note that, strictly speaking, the Stirling formula has 

another addend equal to 1/ 2 ln (2nN). With great values of N, 
however, this addend may be disregardea in comparison with the 
other two addends. 
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SUBJECT INDEX 

Acceleration, 43 
angular, 49 
Coriolis, 129 
free fall, 73 

determination, 202 
variation with latitude, 124 

in non-inertial reference frame, 120 
normal, 44, 49 
tangential, 43 
transferable, 129 
units, 58 

Adiabat, 285 
and isotherm, 285f 

Amplitude, 
oscillations, 196 
in resonance, 219 

Angle, contact, 383f 
Angstrom (A), 269 
Angular momentum, 75, 108 

and angular velocity, 146ft 
body, 138f 
in central force field, 114 
particle, 108f, 114 
system, 108, 112£ 

Anisotropy, 366 
and phase transition, 404 

Arm, 
couple, 111 
force, 110 
lever, 110 
moment, 110 
momentum, 108f 

Auto-oscillations, 185, 214f 
Axis(es}, 

free, 140 
principal, of inertia, 140 
rotation, 18, 133 

instantaneous, 134f 
symmetry, 368 

Barrier, potential, 101 
Beats, 204ft 
Body(ies), see also. Substance 

amorphous, heatmg curveJ · 397f 
angular momentum, 1381 
with axial symmetry, 140 
with central symmetry, 140f 

Body(ies), 
centre of mass, 136 
equation of motion, 55 
equilibrium, 160f 
free axis, 140 
homogeneous, 137 
inertia tensor, 148, 150 
internal energy, 271 
isotropic, 366 
moment of inertia, 138 
motion, see also Motion 

equation, 55 
in ideal fluid, 262 
in viscous fluid, 263 

non-homogeneous, angular momen­
tum, 138f 

perfectly rigid, 18, 136 
degrees of freedom, 308 

in plane motion, kinetic energy, 
157f 

principal axes of inertia, 140 
principal moments of inertia, 140f 
rotating, kinetic energy, 153ft 
rotation, 133, see also. Rotation 
rotational inertia, 138 
thermometric, 280 
translation, 133 

Bond, 
covalent 370 
heteropo\ar, 370 
homopolar, 370 
ionic,· 370 

Calorie (cal), 273 
Capillarity, 385f 
Cell, crystal, 

elementary, 366f, 369 
unit, 366 

Centre(s), 
condensation, 396 
crystallization, 398 
of gravity, 159f 
of inertia, 103 
of mass, 103 

motion, 136 
Chamber, Wilson cloud, 396 
Clocks, synchronization, 223f 



Coefficient, 
compliance, 66 
diffusion, 407, 413, 414f 
friction, 70 

ultrararefied gases, 422 
internal friction, 256, see also Vis-

cosity 
performance, 346£ 
resistance, 188 
self-diffusion, 415 
thermal conductivity, 408, 417ft 

ultrarare:fied gases, 423 
viscosity, see Viscosity 

Collision, 
central, 105f 
completely inelastic, 1041 
perfectly elastic, 104, 105f 

central, 105{ 
Complex number(s), 190fl 

absolute value, 190 
addition, 191 
argument, 190 · 
complex conjugate, 190 
division, 191 
exponential form, 191 
imaginary part, 190 
modulus, 190 
multiplication, 191 
real part, 190 
trigonometric form, 190 

Concentration, 
absolute, 407 
relative, 406 

Condensation, 389 
Conductivity, thermal, 408, 417ft 
Constant, 

Avogadro, 268 
determination, 329! 

Boltzmann, 280 
gravitational, 172, 1 73f 
molar gas, 279 
Planck's, 36 
spring, 65 

Contraction 
Fitzgerald, 231f 
Lorentz, 231f 

Couple, 
arm, 111 
force, 110f 

Crystal(s), 
atomic, 370f 
classification, 368ft 
defects, 372ft 

linear, 372 
point, 372 

elementary cell, 366f, 369 
parameters, 367 

Crystal(s), 
heat capacity, 374f 
ionic, 370 
lattice, 368 

kinds, 370ft 
symmetry elements, 368f 

liquid, 376 
metallic, 371 
molecular, 371£, 374 
primitive cell, 367 
translation period, 366 

Crystallization, 398f 
Curvature, 44 

centre, 44 
radius, 44 

Curve(s), 
evaporation, 401f 
fusion, 398 
heating, amorphous body, 397f 
melting, 398, 401£, 404 
resonance, 220 
sublimation, 401f 

Cycle, 271, 345 
Carnot, 350£ 

efficiency, 351ft 
ideal gas, 353f 
for two-phase system, 399f 

refrigerating machine, 346 

Decrement, 78 
damping, 212 
logarithmic, 212 

Deformations, elastic, 64f 
Degree, 

absolute, 356 
Celsius, 278 
of freedom, 100 

body, 308 
molecules, 310, 312 
rotational, 308, 310ft 
translational, 308, 310ft 
vibrational, 309ft 

Density, 142f 
energy, elastic deformation, 99 
at given point, 143 
ideal gas, 280 

Derivative, partial, 87 
Diagram, 

phase, 402ft 
p-T, 388, 390 
p-V, 2761 351, 353, 391f 
T-S, 3501 
vector, 203f 

Differential, total, 88, 274, 359 
Diffusion, 406f 

in gases, 413fl 
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Dislocations, 372f 
edge, 372 
screw, 372, 374 

Displacement, 36 
body, 133 

Distance, 36 
Distribution, 

Boltzmann's, 327f 
Maxwell's, 316ft, 324ft 

Drag, 262, 263 
friction, 263f 
pressure, 263f 

Dynamics, 19, 51 
Dyne (dyn}, 58 

Effect, gyroscopic, 165f 
Efficiency, 

Carnot cycle, 351ft 
heat engine, 346 

Elongation, relative, 66 
Energy, 75 

centrifugal, 131f 
density, 99 
dissipation, 91 
elastic deformation, 98f 
free, 363, 365 

liquid, 380 
Gibbs, 364 
harmonic oscillation, 198f 
Helmholtz, 363 
internal, 271, 362, 365 

ideal gas, 281f, 284, 311, 361 
van der Waals gas, 292f, 361 
and volume, 360 

kinetic, 77f 
body in plane motion, 157f 
harmonic oscillation, 198f 
rotating body, 153ff 

mechanical, total, 87 
of system, 97f 

molecules, 307, 311, 314, 327 
particle, in central force field, 

115ff 
photon, 247f 
potential, 85, 87, 89f 

and altitude, 327 
in central force field, U.5 
harmonic oscillation, 198f 
interaction, 93ff 
separate body, 98f 
spherical layer and particle, t 70ff 
zero, 89 

relativistic expression, 240ff 
rest, 242 
rotational, 314 
total, 87, 97f, 116f, 242 

Energy, 
transformations, 243ft 
vibrational, 314 

Engine, heat, 346 
Ensemble, statistical, 295 
Enthalpy, 364f 
Entropy, 

change in melting, 359 
ideal gas, 357f 
isolated system, 337, 343 
monatomic ideal gas, 338ff 
non-isolated system, 337 
system, 337 
water, 359 

Equation(s), 
adiabat, 285 
Bernoulli's, 252f 

for horizontal streamline, 253 
characteristic, 1.94 
Clapeyron-Clausius, 400 
elementary process, 273 
invariance, 222 
isotherm, 284 
linear differential, 1.89, 192ff 
motion, 

body, 55 
particle, 76 

Poisson, 285 
polytrope, 286f 
of state, 278 

ideal gas, 279, 280 
van der Waals, 291f, 395 

Equilibrium, 
liquid-solid, 398 
liquid-vapour, 389ff 
rigid body, 160f 
stable, 101 
unstable, 101 

Erg, 81 
Evaporation, 389 
Events, simultaneity, 230 
Experiment, 

Cavendish's, 174 
Eotvos's, t79f 
Lammert's, 325f 
Perrin's, 329f 
Stern's, 324f 

Exponent, polytropic, 287 

Factor, 
damping, 211 
refrigerating, 346( 

Field, 
force, 82 

central, 82, t 13 
homogeneous, 82 
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Field, 
force 

non-stationary, 82 
potential, 85 
stationary 82 

gravitational, t74ff 
homogeneous sphere, f 78 

velocity veetor, 249 
Figures, Lissajous, 209f 
Flow, see also Flux 

laminar, 258, 260f 
steady, 249f, 259 
turbulent, 258, 260f 

Fluctuation, 
mean square, 334, 335 
relative, 334f 

Fluids, see also Gas(es), Liquid(s) 
boundary layer, 263 
Dow velocity, 260f 
incompressible, 251 

Flux, 405 
negative, 405f 
positive, 4051 

Force(s), 55f 
arm, 110 
characterization, 74 
conservative, 82f, 89 
Coriolis, 125ft 
couple, UOf 

arm, 111 
dissi:pation, 91 
elastic, 64ff 
electromagnetic, 64 
external, 75 
field, 82, 85, 113 
friction, 64, 68.ff, 85 

internal, 255ft 
fundamental, 64 
gravitational, 64 
gravity, 71, 83f, 124, 159 

and weight, 73 
gyroscopic, 166 
inertia, 120ft 

centrifugal, 122ft, 131, 180 
interaction, conservative, 93 
internal, 75 
lifting, 262 
moment, 109, 110, 158f 
non-conservative, 85, 98 
normal 68f 
quasi-elastic, 187 
resistance, of medium, 70 
restoring, 187 
stratification, 68f 
surface tension, 379 
units, 58 
van der Waals, 372 

Formula, 
barometric, 294, 326 
dimension, 59f 
Euler, 191 
Laplace 382 
P01seui1\e, 261 
Stirling's, 339, 427f 
Stokes 264 
Toriceili, 254 

Frame, reference, ue Reference frame 
Frequency, 

circular, 197 
cyclic, 197 
measurement result, relative, 295 
natural, 210 
oscillations, 197, 201 
resonance, 219, 221 

Friction, 
dry, 68ff 
external, 68 
internal, 68, 70, 408 
liquid, 68 
rolling, 70 
sliding, 69f 
viscous, 68, 70 

Function(s), 
derivative of product, 33ff 
potential, 85f 
probability distribution, 2~7 

Gas(es), see aZ.O Fluids 
ideal, see Ideal gas(es) 
perfect, see Ideal gas(es) 
pressure on wall, 304ff 
real, 279, 290ft 
standard conditions, 279 
thermal conductivity, 416ft 
ultrararefied, 421ft 

friction coefficient, 422 
thermal conductivity coefficient, 

423 
van der Waals, 292 

internal energy, 292f, 361 
viscosity, 420f 

Gradient, 88, 406 
Graph, bar, 296f 
Gyrocompass, 168 
Gyroscopes, 165ft, see also Top 

Heat, 
amount, 272f 
capacity, ue Heat capacity 
mechanical equivalent, 273 
received in reversible process, 351 
transfer, 272 
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Heat, 
unit, 273 
vaporization, specific, 389 

Heat capacity, 281f 
at constant pressure, 283, 312, 364 
at constant volume, 282, 312, 41~ 
fusion, 397 
ideal gas, 288 
molar, 281 
specific, 281 
and temperature, 313, 375 
transition, 388 

Hertz (Hz), 197 
Histogram, 296f 
Hydrodynamics, 249 
Hypothesis, 

de Broglie's, 14 
definition, 12 
ergodic, 332 

Ideal gas(es), 279 
adiabat equation, 285 
density, 280 
entropy, 338fl, 357f 
equation of state, 279, 280 
heat capacity in polytropic proc-

ess, 288 
internal energy, 281f, 284, 311, 361 
isotherm equation, 284 
work, 288fl 

Inertia, 53 
Integral(s), 

motion, 75 
Poisson, 426 

Intensity, gravitational, 174f 
Interactions, kinds, 64 
Interval, 225, 234fl 

imaginary, 235, 236 
real, 235 
spac~like, 236 
timelike, 235 

Isotherm(s), 284 
van der Waals, 394f 

Joule (1), 81, 273 

Kelvin (K), 278 
Kilogramme (kg), 58 

international prototype, 58 
Kinematics, 19, 51 
Kinetics, physical, 405 

Law(s), . 
angular momentum conservation, 

75f, 112 

Law(s), 
Avogadro's, 279 

Boltzmann distribution, 327f 
conservation, in non-inertial ref-

erence frames, 131f 
Coulomb's, 64 
dry friction, 69f 
Dulong and Petit, 375 
energy conservation, 75f, 91, 98, 272 
entropy increase, 337 
Fick's, 407 
Fourier, 408 
Hooke's, 65 
inertia 52 
Ma:xweh-Boltzmann distribution, 

328 
Maxwell distribution, 316fl 

experimental verification, 324fl 
mecl:ianical energy conservation, 98 
momentum conservation, 54, 75f, 

103, 238f 
Newton's, 

applications, 73f 
first, 52 
second, 55f, 188f 

for non-inertial reference frame, 
121 
relativistic expression, 240 

third, 60£ 
relativistic mass-energy relation, 246 
thermodynamics, 

first, 272, 27 4, 277, 283, 345 
second, 337, 347, 349 
third, 344 

universal gravitation, 172fl 
velocity addition, 237 

Length, . 
in different reference frames, 230f 
proper, 231 

Lift, 262, 264I 
Limit, elastic, 65 
Line, world, 224 
Liquid(s), 376ff, see also Fluids 

density and temperature, 392 
flow, 

from hole, 253fl 
in round pipe, 259fl 

free energy, 380 
ideal, 251, 255 
motion, description, 249fl 
non-viscous, 251 
quasicrystalline structure, 376 
rate of flow, 261 
shape, 378 
supercooled, 398f 
superheated, 395, 396f tensioned, 

395, 397 
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Machine(s) 
perpetual motion, 

first kind, 345 
second kind, 349 

refrigerating, 346 
reversible, 355 

Macrostate, 330 
statistical weight, 331f, 338 
thermodynamic probability, 331 

Mass, 53 
atomic, 267 

relative, 267 
Earth's, 182 
gravitational, 178ff 
inertial, 178ft 
molar, 268 
molecular, 267 · 

relative, 267 
reduced, 118 
relativistic, 54, 240 
rest, 54, 240 

particle, 246 
system, 246 

units, 58f 
Materialism, dialectical, H 
Matter, kinds, 11 
Mechanics, 

classical, 51f 
Newtonian, 14, 51 
quantum, 13, 14, 51f 
relativistic, 51 

Meniscuses, 385 
Metre (m), 57 
Microstate, 330, 336 
Modulus, 

elasticity, 67 
shear, 68 
Young's, 67 

Mole (mol), 268 
Moleeule(s), 

collision(s), 409ff 
diameter, 410 
number, 411ff 
with wall, 301ff 

distribution, 
by altitude, 327 
by velocities, 315ft 

effective diameter, 410 
effective section, 410 
energy levels, 314 
mean energy, 307, 3H 
mean free J?ath, 410, 412 
mean veloc1ty, 320ft 
number of degrees of freedo~ 310, 

312 
and temperature, 313f 

potential energy and altitude, 327 

Molecule(s), 
rotational energy, 314 
size, 268f 
velocities, 298f 

experimental determination, 324ft 
vibrational energy, 314 

Moment, 
arm, 110 
force, 109, 110, 158f 

gravity, 159 
of inertia, 138, 142ft 

axial 149, 150 
centrifugal, 149ft 
disk, 146 
principal, 140f, 152 
sphere, 146 . 
thin long rod, 146 

Momentum, 54, 75 
angular, see Angular momentum 
arm, 108f 
moment of, 108, see also Angular 

momentum 
relativistic expression, 238f 
system, 102ff 
transformations, 243ft 

Monocrystals, 366 
Motion, 

Brownian, 266, 329 
in central force field, 113ff 
circular, 18f, 46ff, see also Rota-

tion 
uniform, 48, 208 

finite, 101 
infinite, 101 
and influence of Coriolis force, 129f 
interacting particles, 117ff 
liquids, description, 249ft 
mechanical, 17ft 
in non-inertial reference frame, 131 
non-planar, 135 
plane, 133f 
reactive, 255 
rigid body, 158 
translational, 18f 
uniform, 37 

Newton (N), 58 
Non-wetting, 

complete, 384 
partial, 384 

Number(s), 
complex, see Complex number(s) 
degrees of freedom, 100 
Reynolds, 258f 

use as similarity number, 264 
Nutation, 170 
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Operator, nabla, 88 
Order, 

long-range, 376 
short-ran~e, 376 

Oscillation(s), 
amplitude, i96 
damped1 189, 210ft 

perioa, 211 
definition, iSS 
forced, 185, 189, 215ft 

steady-state, 218 
free, i85, 189 
frequency, 197, 201 
harmonic, 186, 195ft 

addition, 203 
mutually perpendicular, addition, 

206ft 
natural, 185, i89 
parametric, 186 
period, 196£, 201f, 211 
phase, 196 

initial, 196 
small-amplitude, 186ft, 200 

Parameters of state, 269 
Particle(s), 

acceleration, 43 
angular momentum, 108f, H4 
in central force field, 113ft 
displacement, 36 
energy, H5ft 
equation of motion, 76 
interacting, motion, 11711 
point, definition, 18 
potential energy, 115 
reduced mass, 118 
rest mass, 246 
trajectory, H6f 
velocity vector, 114 
with zero rest mass, 247f 

Pascal (Pa), 67, 257 
Pendulum, 199ft 

Foucault, 130 
mathematical, 199 
physical, 201f 

centre of oscillation, 202 
reduced length, 202 

simple, 199, 201f 
Period, 

oscillations, 196f, 201f, 2H 
and damping factor, 211 

revolution, 48 
Phase, 388 

equilibrium, 388 
oscillations, 196 
transition\ 388 

and volume, 400f 

Phenomena, transport, 405ft 
Photon, 247 

energy, 247f 
Physics, 

classical, 12f 
molecular, 266 
statistical, 266 

Plane, 
cleavage, 366 
symmetry, 368 

Point, 
critical, 393 
melting, 398 

and pressure, 400f 
triple, 388, 401ft 
world, 224 

Poise (P), 257 
Polycrystals, 366 
Potential, 85 

gravitational field, 175 . 
thermodynamic, Gibbs, 364f 

Power, 81 
units, 81 

Precession, 169f 
pseudoregular, 170 
regular, 170 

Pressure, 
capillary, 382, 386 
light, 247 
under liquid surface~ 382 
saturated vapour, 390 

Principle, 
constancr of light speed, 222 
Einstein s relativity, 222 
equipartition, 310f 
equivalence, 181 
Galileo's relativity, 63 
Heisenberg's uncertainty, 30f 

Probability, 295 
thermodynamic, 331 

Process, 270 
adiabatic, 284ft 
cyclic, 271 
elementary, 273 
equilibrium, 270 
irreversible, 336, 337, 344, 405 

entropy change in, 348 
isentropic, 350 
isobaric, 284, 287, 364 
isochoric, 284, 287f, 290 
isothermal, 284, 288, 363 
polytropic, 286f 
quasistatic, 270 
rela~ation, 269 
reversible, 270t 342f, 347f 

heat receivoo, 351 
Pump, water-jet, 253 
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Quality (Q), oscillatory system, 212f 
Quantity(ies), 

critical, 393 
nuctuations, 334 
invariant, 225 
physical, 

basic, 56 
dimension, 59f 

Radius, molecular action, 291 • 377 
Reaction, 71 

discharged O.ow, 255 
Reference frame, 17 

centre-of-mass, 104 
heliocentric, 52 
inertial, 52, 63 
laboratory, 104 
non-inertial, 52, 120ff 

Relaxation, 270 
Reservoir, 

high temperature, 349 
low temperature, 350 

Resistance, head 
Resonance, 219ff 

parametric, 221 
Rotation, 18f 

axis, 133 
instantaneous, 134f 

body, 133 
stable, 141 
and translation, formulas compared, 

155 
unstable, 141 

Rule\ see also Law(s) 
rignt-hand screw, 46f 
velocity addition, 63 

Scale, temperature, ue Temperature 
scale 

Second (s), 58 
Self-diffusion, 415 
Shear, 67 

modulus, 68 
relative, 66 

Shift, red, 248 
Sink, heat, 350 
Solid, amorphous, 377, 399 
Source, heat, 349 
Space, 

four-dimensional, 224, 244f 
isotropy, 76 
pseudo-Euclidean, 225 
three-dimensional, 224f 
uniformity, 75f 
velocity. 315 

Speed, 37, ue also Velocity(ies) 
units, 58 

Sphere, molecular action, 377 
State(s), 

critical, 393 
equilibrium, 269f, 336, 364 
metastable, 395ff 
non-equilibrium, 269 

Strainsi elastic, 64f, 66 
Stream ines, 249f 
Stress, 66 

normal, 66 
shear, 66f 
tangential, 66 

Structures, quasicrystalline, 376 
Sublimation, 389 
Substance, see also Body(ies) 

amorphous, 377 
critical state, 393 
thermometric, 280 

Surface, mean curvature, 381f 
Symbol, Kronecker, 27 
System 269 

ang;iiar momentum, 108 
closed, 75 

angular momentum, 112 
momentum, 102ff 

coordinate, 19 
crystallographic, 369 

cubic, 369, 370 
hexagonal, 369 
monoclinic, 369 
rhombic, 369 
rhombohedral, 369 
tetragonal, 369 
triclinic, 369 
trigonal, 369 

entropy, 337, 343 
internal energy, 271 
isolated, 53 
macroscopic, 295 
mechanical, 17 

degrees of freedom, 308f 
equilibrium, 100f 

momentum, 102ff 
rest mass, 246 
total mechanical energy, 97f 
unclosed, 

angular momentum, 1121 
momentum, 103 

Temperature, 277 
absolute, 278 

and molecule energy, 307 
critical, 392f 
scale, ue Temperature scale 
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Temperature scale, 
absolute, 278 
Celsius, 277 
empirical, 281 
ideal gas, 281 
international practical, 278 
thermodynamic, 278, 356 

Tension, surface, 379f 
Tensor, 

components, 148ft 
inertia, body, 148, 150 
rank two, 148 
symmetrical, 150 

Theorem, 
Carnot, 352 
on flow continuity, 250f 
Maclaurin, 186 
Nernst's, 344 
parallel axis, 144£ 
probability multiplication, 296 
probability summation, 295 
Steiner, 144 

Theory, molecular-kinetic, 266 
Thermodynamics, 266f 
Thermogen, 267 
Thrust, 255 
Time, 

dilation, 233 
length between events, .232 
proper, 232f 
relaxation, 270 
uniformity, 75 

Tops, 165 
asymmetrical, 141 
spherical, 141, 152, 153, 156£ 
symmetrical, 141, 152 

free, 171 
Torque, 109 
Trajectory, particle, 36 

in central force field, 1161 
Transformations, 

Galilean, 62 
Lorentz, 62, 229 

corollaries, 230ft 
Transition, phase, 388, 400f 
Translation, 18 

body, 133 
and rotation, formulas compared, 

155 
Tube, flow, 250 

Unit(s), 
atomic mass (amu), 267 
basic, 57, 58 
derived, 58 
prefixes for multiples and sub­

multiples, 81f 

Unit(s}, 
systems, 

absolute, 57 · 
cgs, 58 
International (SI), 57 
mk(force)s, 58 

Vaporization, 389 
Vapour, 

saturated, 390 
density and temperature, 392 
pressure, 390 

supersaturated, 395f 
Vector(s), 

acceleration, 46 
addition, 21 
axial, 29 
collinear, 21 
components, 25 
coplanar, 21 
cross product1 29 
definitiOn, 20I 
derivative, 32ft 
dia:gram, 203f 
dot product, 26 
energy-momentum 245 
expression through projections, 2& 
four-, 244f 
free, 21 
gravitational field, 174 
linear relation between 23 
localized, 21 
magnitude, 21 
multiplication by scalar, 22f 
polar, 29 
position, 25f 
projection, 24 

properties, 7 4 
pseudo-, 29 
rotation, 47 
scalar product, 26ff 
scalar triple product, 31 
slip, 21 
subtraction, 21f 
true, 29 
unit, 23 

derivative, 32ff 
vector product, 28ft 
vector triple product, 31ft 
velocity, 39ft 

field, 249 
.in polar coordinates, U6 

Velocity(ies), 39ft 
addition, 237 
angular, 47 
definition, 37 



Velocity(ies) 
escape, 183f 

from solar system, 184 
first cosmic, 182f 
mean square 321 
most probable, 321 
orbital, 182f 
second cosmic, 183f 
sector, 114 
space, 184 
tangential, 182f 
third cosmic, 184 
transformation, 237 
units, 58 

Vibrations, see Oscillation(s) 
Viscosity, 255f, 408 

determination, 261 
dynamic, 256, 259 
gases, 420f 
kinematic, 256, 259 
and temperature, 258 
units, 257f, 408 

Volume, specific, 391 
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Watt (W), 81 
Weight, 72 
Well, potential, 101 
Wetting, 

complete, 384 
partial, 384 
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Work, 77, 78ft, 274f 
centrifugal force of inertia, 131 
conservative forces, 90 
in cycle, 345f, 400 
in cyclic process, 276 
ideal gas, 288ft 

adiabatic process, 289 
isobaric process, 290 
isothermal process, 289f 

isochoric process, 290 
isothermal process, 363 
non-conservative forces, 90 
units, 81 
and volume changes, 275f 

Zero, absolute, 278 
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